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Abstract Whistler mode chorus waves in the Earth's inner magnetosphere are usually composed of
discrete elements, and each element can be characterized by the following properties: the amplitude,
the duration, the frequency span, and the frequency chirping rate. Using a one‐dimensional (1‐D)
particle‐in‐cell (PIC) simulation code, we study the dependence of these properties of a rising‐tone chorus on
the number density nheq/nc0 and temperature anisotropy AT of energetic electrons at the magnetic equator.
The whistler waves are first excited around the magnetic equator by anisotropic energetic electrons and
then develop into a rising‐tone chorus when they leave away from the equator. During the propagation
toward the pole, the rising‐tone chorus with nearly constant frequency span first enhances and then decays.
Its frequency chirping rate declines in the early stage and then gradually increases. Meanwhile, the chorus
duration is quite the opposite due to propagation effect. Over a suitable range of nheq/nc0 to generate
rising‐tone chorus, the frequency chirping rate of the excited rising‐tone chorus first increases and then
saturates, while its saturated amplitude, duration, and frequency span have a rising tendency with the
increasing nheq/nc0. As for AT, the frequency chirping rate of the generated rising‐tone chorus is increasing
with the increase of AT that is consistent with prediction of nonlinear theory, while the duration is just the
opposite. Our simulation study can give a further understanding of the generation and propagation of
rising‐tone chorus waves.

1. Introduction

Whistler mode chorus waves are intense electromagnetic waves frequently observed in the inner Earth's
magnetosphere. They can accelerate electrons to produce relativistic electrons in the Van Allen radiation
belt (Horne, 2005; Mourenas et al., 2014; Reeves et al., 2013; Thorne et al., 2013) and cause electron precipi-
tation into the Earth's atmosphere (Ni et al., 2011, 2014; Nishimura et al., 2013; Thorne et al., 2005, 2010).
Chorus waves are usually observed over a frequency range of 0.1–0.8fce (fce is the local electron gyrofre-
quency) (Burtis & Helliwell, 1969; Li et al., 2011, 2012; Tsurutani & Smith, 1977), and a power gap around
0.5fce often occurs, separating chorus waves into the lower and upper bands (Fu et al., 2014; Gao
et al., 2016, 2017, 2019; Li et al., 2012, 2019). Chorus waves are found to be generated near the magnetic
equator (Lauben et al., 2002; LeDocq et al., 1998; Li et al., 2009; Santolik et al., 2005) and propagate nearly
along themagnetic field (Ke et al., 2017; Lu et al., 2019; Santolik et al., 2014; Taubenschuss et al., 2016). Their
wave normal angles gradually increase during their propagation toward the high latitude (Agapitov
et al., 2013; Bortnik et al., 2011; Breuillard et al., 2012; Chen et al., 2012; Li et al., 2011; Lu et al., 2019).
Chorus waves are considered to be formed by nonlinear interaction processes between whistler waves and
resonant electrons (Hikishima & Omura, 2012; Katoh & Omura, 2006; Nunn et al., 1997; Omura &
Matsumoto, 1982). The whistler waves, commonly driven by anisotropic energetic electrons (Gao et al., 2014;
Kennel & Petschek, 1966; Li et al., 2010; Lu et al., 2004; Shklyar & Matsumoto, 2009; Tsurutani &
Smith, 1977), tend to develop into chorus waves with frequency chirping due to the ambient magnetic field
inhomogeneity, when they leave away from their source regions around the magnetic equator.
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Chorus waves are characterized by discrete elements, appearing as
rising tones, falling tones, or flat bands in dynamic spectra (Burtis
& Helliwell, 1976; Cornilleauwehrlin et al., 1978; Gao et al., 2014;
Li et al., 2012). The rising‐tone chorus waves have been gotten the
most attentions, and the important properties of each discrete chorus
include the amplitude, the frequency chirping rate, the duration, and
the frequency span. The frequency chirping rate of rising‐tone chorus
waves has been thoroughly studied using satellite data (Cully
et al., 2011; Kurita et al., 2012; Macusova et al., 2010; Tao et al., 2012),
and it is found that large‐amplitude chorus waves show larger chirp-
ing rate as predicted by Omura et al. (2008). Statistical analysis based
on Van Allen Probes data suggests the chorus duration might be
affected by the background magnetic field inhomogeneity (Teng

et al., 2017). Recently, with the random forest method of machine learning and Pearson's correlation analy-
sis, Shue et al. (2019) investigated the characteristics of chorus waves by using THEMIS data and indicated
that the chorus duration is inversely correlated with the temperature and the chorus frequency span is posi-
tively correlated with the number density of energetic electrons. In this paper, by performing a series of
one‐dimensional (1‐D) particle‐in‐cell (PIC) simulation runs in a mirror magnetic field, we investigate the
dependence of these properties of rising‐tone chorus waves on the number density and the temperature ani-
sotropy of energetic electrons. In our simulations, the waves are excited around the equator by the electron
temperature anisotropy.

2. Simulation Model

We conduct simulations by using a 1‐D gcPIC simulation code derived from the two‐dimensional (2‐D)
gcPIC simulation code (Ke et al., 2017; Lu et al., 2019). To study the characteristics of rising‐tone chorus
waves, a series of simulation runs are carried out in a mirror field. The simulation system is along the central
straight field line. The mirror field can be expressed as

B0x¼−B0eq
xz

L2B
;

B0y¼−B0eq
yz

L2
B

;

B0z¼B0eq 1þ z2

L2B

� �
;

8>>>>>>><
>>>>>>>:

(1)

where B0eq indicates the background magnetic field at z = 0 (the
magnetic equator) and LB is the scale length of the background
magnetic field, which is an important factor affecting nonlinear evo-

lution of chorus waves. For a dipole magnetic field, L2
B ¼ LRPð Þ2=4:5

where L is the L‐shell and RP is the planet radius (Helliwell, 1967).
In our simulations, the LB is set as LBωpe/c = 300 (c is the speed of
light and ωpe is the electron plasma frequency), 25 times smaller
than that of L = 6 of the dipole field in the Earth's magnetosphere
for reducing computation time. In present study, we primarily con-
centrate on the influences of number density and temperature ani-
sotropy of energetic electrons on chorus characteristics rather than
direct comparisons with observations in the Earth's magnetosphere.
More simulations have been carried out to characterize the genera-
tion properties and conditions of rising‐tone chorus by varying the
magnetic field gradient, the number density or the temperature ani-
sotropy of energetic electrons (Katoh et al., 2018; Katoh &
Omura, 2011, 2013; Tao, 2014). However, under the chorus genera-
tion condition, the effects of these parameters on chorus

Table 1
Some Simulation Parameters and Simulation Results

Run AT nheq/nc0 Bw(B0eq) Γ 10−4Ω2
e0

� �
TL Ω−1

e0

� �
Dω(Ωe0)

1 4.75 0.007 0.005 3.3 256 0.10
2 4.75 0.008 0.010 5.5 272 0.16
3 4.75 0.009 0.012 6.7 368 0.23
4 4.75 0.010 0.013 6.9 432 0.26
5 4.75 0.011 0.015 6.7 480 0.29
6 4.25 0.010 0.010 5.5 480 0.23
7 4.50 0.010 0.009 5.9 464 0.23
8 5.00 0.010 0.011 8.0 336 0.23
9 5.25 0.010 0.014 8.7 287 0.20

Figure 1. (a) The time evolution of the temperature anisotropy AT of energetic

electrons and the amplitude of magnetic fluctuations δB¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
x þ B2

y

q
averaged

over zωpe/c = − 50 – 50 and (b) temporal evolution of magnetic fluctuations Bx
along the field line in Run 3.
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characteristics such as the duration, the frequency span and the frequency chirping rate still lack of more
simulations.

In the simulation model, the cold background electrons are treated as a fluid, and the energetic elec-
trons providing free energy are represented by superparticles. The motions of ions are fixed. These
are handled in the same way in the 2‐D gcPIC simulation model (Ke et al., 2017) also including solving
Maxwell equations and motion equations, and applying the distributions of the number density and tem-
perature of energetic electrons obtained from Liouville's theorem. Initially, the energetic electrons have a
bi‐Maxwellian velocity distribution. The cold electrons are uniform with initial number density nc0. The ratio
of electron plasma frequency to gyrofrequency at the magnetic equator is ωpe/Ωe0 = 5, a typical value in the
Earth's outer radiation belt. The various number density nheq/nc0 and temperature anisotropy AT of energetic
electrons at the equator in different simulation runs are summarized in Table 1. Here AT = T⊥eq/T‖eq − 1,
T‖eq, and T⊥eq are the parallel and perpendicular temperatures of energetic electrons at the equator. The
temperature anisotropy AT are controlled by changing the perpendicular temperature T⊥eq with the fixed

T‖eq¼0:5meV2
th‖, where Vth‖ = 0.2c is parallel thermal velocity of energetic electrons. The conditions where

rising‐tone chorus waves are generated are carefully investigated by both kinetic simulations and observa-
tions (Gao et al., 2014; Katoh et al., 2018; Katoh & Omura, 2011, 2013; Tao, 2014), and we choose suitable
parameters to make sure the occurrence of chorus waves.

In our simulations, the simulation domain is zωpe/c= − 2,000 – 2,000, the grid spacingΔzωpe/c= 1 and time
step ΔtΩe0 = 0.02. About 2 million superparticles are used for energetic electrons. Two types of boundary
conditions are employed in our simulations. Reflecting boundary conditions are used for particles and
damping boundary conditions are assumed for waves (Ke et al., 2017).

Figure 2. Frequency‐time spectrogram of magnetic fluctuations at (a–d) different points zωpe/c = 0, 50, 150, and 250 in
Run 3. The point of the maximum PSD is marked by a plus sign “+” in Figure 2b, and the rising‐tone chorus is
characterized and marked by black dots. The chorus duration TL and frequency span Dω are marked with the horizontal
black line and the vertical black line in Figure 2b.
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3. Simulation Results

Figure 1 presents an overview of the evolution of the waves excited by electron temperature anisotropy in simula-
tion system for Run 3. Figure 1a shows the temperature anisotropy AT of energetic electrons around the equator
decreases rapidly in the early time (black line), and meanwhile, the amplitude δB of generated waves around the
equator continuously increases (blue line). After about Ωe0t = 350, the temperature anisotropy AT drops slowly
and then becomes stable at value of about 1.8, while the wave amplitude δB gradually declines. Both AT and δB
are averaged over zωpe/c = − 50 – 50. These results conform to the physical process that the temperature aniso-
tropy of energetic electrons relaxes and provides free energy to excitewhistlermodewaves through cyclotron reso-
nant instability. Figure 1b exhibits temporal evolution of the magnetic fluctuations Bx along the field line.
Obviously, the magnetic fluctuations are excited around the equator and then form wave packets. These wave
packets propagate toward the pole and get more growth during propagation.

These excited waves are confirmed to be whistler mode waves by comparing their dispersion relation with
that of the linear theory (not shown). To examine spectral properties of these whistler waves, the
frequency‐time spectrograms of these wave packets at different locations zωpe/c= 0, 50, 150, and 250 are illu-
strated in Figure 2. The clear rising‐tone chorus appears in Figures 2a–2c except Figure 2d. It suggests these
whistler waves are generated around the equator but develop into the rising‐tone chorus when they leave
away from the equator. The rising‐tone chorus at zωpe/c = 50 in Figure 2c is newly formed and then
becomes more intense with longer duration and nearly constant frequency span when reaching the location
zωpe/c= 150 in Figure 2b. Later the rising‐tone chorus weakens slightly when propagating to the farther loca-
tion zωpe/c = 250 in Figure 2a. To further understand the generation and propagation of the rising‐tone
chorus, we quantitatively characterize the variations of these chorus properties. We characterize the
rising‐tone chorus by using the method described in Appendix A and mark it by black dots as shown in

Figure 3. Dependence of (a) the amplitude Bw, (b) the frequency chirping rate Γ, (c) the duration TL, and (d) the
frequency span Dω of the rising‐tone chorus on different locations along the field line in Run 3.
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Figure 2. The chorus duration TL and the frequency span Dω can be estimated as the time difference and the
frequency difference between last dot and first dot as marked with the horizontal black line and the vertical
black line in Figure 2b. Besides, the chorus amplitude Bw is obtained frommean power spectral density (PSD)
on these dots and the chorus frequency chirping rate Γ is estimated by the linear least squares method based
on these dots.

The amplitude Bw, the frequency chirping rate Γ, the duration TL, and the frequency span Dω of the
rising‐tone chorus appearing on different points in Run 3 have been estimated as shown in Figure 3.
During the propagation of the rising‐tone chorus from the vicinity of the equator to the pole, its ampli-
tude Bw first quickly increases and saturates at about zωpe/c = 150 and then decreases gradually and
tends to be constant (Figure 3a). The frequency chirping rate Γ decreases first and then rises slowly
after about zωpe/c = 200 (Figure 3b), while the tendency of the chorus duration is inverse to that of
the frequency chirping rate Γ(Figure 3c). And the chorus frequency span is nearly constant
(Figure 3d) over a rough frequency range of 0.16–0.43Ωe0. Since the frequency span of chorus element
remains almost unchanged, the variation of the chorus duration TL (or frequency chirping rate Γ) could
be caused by the propagation effect. The chorus waves in our simulation roughly satisfy the cold plasma
dispersion relation of the whistler mode wave,

k2c2 ¼ ω2 þ ωω2
pe

Ωe − ω
: (2)

And we can obtain the group velocity by solving Equation 2,

Vg¼
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω Ωe − ωð Þ ω2

pe þ ωΩe − ω2
� �r
ω2
pe

ω Ωe−ωð Þ
ω2
pe

þ Ωe

2 Ωe−ωð Þ

" #−1

; (3)

where Ωe is the local electron gyrofrequency. Figure 4a presents the dependence of the group
velocities of whistler waves at frequencies ω/Ωe0 = 0.16 and 0.43 on the location in Run 3. The frequen-
cies ω/Ωe0 = 0.16 and 0.43 are the minimum and maximum frequencies of the rising‐tone chorus,
respectively. According to the group velocities, the expected variation of the chorus duration ΔTL

Figure 4. (a) The dependence of the group velocities of whistler waves at frequencies ω/Ωe0 = 0.16 and 0.43 on the
location and (b) the expected variation of the chorus duration ΔTL according to the group velocities in Run 3.
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resulted from propagation is estimated and shown in Figure 4b. The expected ΔTL first increases
because of the larger group velocity at ω/Ωe0 = 0.16 and then decreases when the group velocity at
ω/Ωe0 = 0.43 becomes larger, which is consistent with the tendency of simulation results.

By performing simulation runs 1–5, we study the influence of the number density nheq/nc0 of energetic elec-
trons on these characteristics of the rising‐tone chorus. The number density nheq/nc0 in Runs 1–5 varies from
0.007 to 0.011. Figure 5 displays the rising‐tone chorus waves generated in Runs 1–5 at their saturated points
where each rising‐tone chorus of interest gets itsmaximumamplitude. These saturated points locate between
zωpe/c=120 – 150. These rising‐tone choruswaves are also characterized andmarked by black dots as similar
in Figure 2. Their saturated amplitude Bw, frequency chirping rate Γ, duration TL, and frequency spanDω are

estimated, recorded in Table 1. For larger number density nheq/nc0,
the generated rising‐tone chorus has bigger saturated amplitude and
frequency span, visually shown in Figure 5. Figure 6 illustrates the
dependence of these chorus properties on the number density nheq/
nc0 of energetic electrons. With the increase of the number density,
the saturated amplitude Bw, the duration TL, and the frequency span
Dω of the rising‐tone chorus gradually increases (Figures 6a, 6c, and
6d). However, the frequency chirping rate Γ first increases and then
saturates (Figures 6b). It should be noted that no clear rising‐tone
chorus appears in the situations with smaller or larger nheq/nc0, which
indicates nheq/nc0 = 0.007 – 0.011 are the suitable range for the occur-
rence of chorus waves.

Simulation Runs 4 and 6–9 are carried out to investigate the effect of
the temperature anisotropyAT of energetic electrons on these charac-
teristics of the rising‐tone chorus. The temperature anisotropy AT in
Runs 4 and 6–9 are set over a range of 4.25–5.25, which are found
to be suitable range for generating the rising‐tone chorus. Figure 7
describes the rising‐tone chorus waves excited in Runs 4 and 6–9 at
their saturated points which are between zωpe/c = 140 – 160. These
rising‐tone chorus waves are figured out and marked by black dots
as similar in Figure 5. Their saturated amplitude Bw, frequency chirp-
ing rate Γ, duration TL, and frequency spanDω are calculated, written
in Table 1. Figure 8 presents the dependence of these chorus charac-
teristics on the temperature anisotropy AT of energetic electrons. The
saturated amplitude Bw in Figure 8a has shown weak correlations
with the temperature anisotropy AT. However, the frequency chirp-
ing rate Γ in Figure 8b gradually rises with increasing temperature
anisotropy AT. While the chorus duration is inversely correlated with
AT in Figure 8c. The chorus frequency spans Dω for different AT in
Figure 8d are quite close.

Figure 5. Frequency‐time spectrogram of magnetic fluctuations at the point where the rising‐tone chorus of interest gets
its maximum amplitude in (a–e) Runs 1–5. The rising‐tone chorus is marked as similar in Figure 2b.

Figure 6. Dependence of the saturated amplitude Bw (a), the frequency chirping
rate Γ (b), the duration TL (c), and the frequency span Dω (d) of the rising‐tone
chorus in Runs 1–5 on the number density nheq/nc0 of energetic electrons.
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4. Conclusions and Discussion

In this paper, we carry out a series of 1‐D PIC simulation runs in order to study the dependence of the char-
acteristics of a rising‐tone chorus on the number density and temperature anisotropy of energetic electrons.
Besides, the variations of the chorus characteristics during chorus evolution processes are also studied. Our
conclusions are as follows.

1. During the rising‐tone chorus, formed near the equator, propagat-
ing toward the pole, its frequency chirping rate Γ first decreases
and then increases while its duration TL changes in the opposite
trend due to propagation effect, and its frequency span Dω

remains nearly constant.
2. Under the suitable range of the number density nheq/nc0 of

energetic electrons for chorus generation, the saturated ampli-
tude Bw, the duration TL, and the frequency span Dω of the
rising‐tone chorus tend to increase with the increase of the
number density nheq/nc0, but the frequency chirping rate Γ first
increases and then saturates.

3. For the temperature anisotropyAT of energetic electrons in a suitable
range of generating chorus waves, the frequency chirping rate of the
rising‐tone chorus increases with rising temperature anisotropy AT

while the chorus duration is inversely correlated with AT, and the
chorus frequency spans for different AT are similar.

Our simulation results demonstrate how the rising‐tone chorus char-
acteristics are affected by the chorus propagation and the variations
of the number density and temperature anisotropy of energetic elec-
trons. The chorus duration (or frequency chirping rate) changes dur-
ing propagation could be explained by the propagation effect. The
bigger number density of energetic electrons can enhance the linear
growth rates of whistler waves, potentially contributing to enhance-
ment of the saturated amplitude, the duration, and the frequency
span of the excited rising‐tone chorus. However, the chorus fre-
quency chirping rate first rises and then saturates with nheq/nc0
increasing. The frequency chirping rate is positively correlated with
the temperature anisotropy AT of energetic electrons that is consis-
tent with prediction by nonlinear theory in Omura et al. (2008). But
the dependence of the chorus duration and the frequency span on
the number density nheq/nc0 and temperature anisotropy AT is diffi-
cult to be predicted, which involves complicated nonlinear processes
of chorus waves. Therefore, our simulation results can give a deep
understanding of the generation processes of the rising‐tone chorus
waves.

Figure 7. Frequency‐time spectrogram of magnetic fluctuations at the point where the rising‐tone chorus of interest gets
its maximum amplitude in Runs (c) 4 and (a, b, d, and e) 6–9. The rising‐tone chorus is marked as similar in Figure 5.

Figure 8. Dependence of (a) the saturated amplitude Bw, (b) the frequency
chirping rate Γ, (c) the duration TL, and (d) the frequency span Dω of the
rising‐tone chorus in Runs 4 and 6–9 on the temperature anisotropy AT of
energetic electrons.
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Appendix A: Characterization of a Rising‐Tone Chorus
To characterize a rising‐tone chorus, the following method is applied. First we locate the point (tm, ωn) of the
maximum PSD (Pmax) in the limited area covering the rising‐tone chorus of interest in the frequency‐time
spectrogram, ensuring the point is inside the rising‐tone chorus (marked by a plus sign “+”). Since the
rising‐tone chorus is usually narrowband and continuous over time, we can seek out the next point (tm+1,
ωn′) of peak PSD (≥r � Pmax, here r is set as 0.2) from three consecutive points of ωn, ωn+1, and ωn+2 in next
time tm+1. Based on the new selected point, we repeat above step to seek next point until failing to find the
point meeting above criteria. We find out the points before time tm by seeking the satisfied point among
points ofωn,ωn − 1, and ωn − 2 in previous time tm − 1 and repeat similar way. These selected points represent
the rising‐tone chorus.

Data Availability Statement

Data sets for this research are available at the following link (http://doi.org/10.5281/zenodo.3859476).
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