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Abstract Radiation belt electrons can be accelerated and scattered by magnetosonic waves in the Earth's
magnetosphere, and the scattering rate of electrons is sensitive to the wave normal angle. However,
observationally it is difficult to identify the wave normal angle within a few degrees. In this study, using 2‐D
particle‐in‐cell (PIC) simulations, we investigate the wave normal angle distribution of magnetosonic waves
excited by ring distribution protons. Both the linear theory and simulations have shown that the wave
normal angles are distributed over a narrow range (82°–89°) with a major peak at about 85° during the linear
growth stage when the proton ring velocity is close to the Alfven speed. In addition, 2‐D PIC simulations
further demonstrated that the waves tend to have larger wave normal angles (84°–89°) during the saturation
stage since the waves with smaller wave normal angles are dissipated faster. It is also found that wave
normal angles decrease with the increase of wave frequency. With the increase of the ring velocity of the
proton ring distribution, the perpendicular wavenumber of excited magnetosonic waves decreases, which
leads to the decrease of the wave normal angle. The simulation results provide a valuable insight to
understand the property of magnetosonic waves, and the findings are useful for the global simulations of
radiation belt dynamics.

1. Introduction
Equatorial magnetosonic waves are an electromagnetic emission naturally occurring in the Earth's magne-
tosphere (Gurnett, 1976; Russell et al., 1970; Santolík et al., 2002; Tsurutani et al., 2014). These waves pro-
pagate nearly perpendicularly to the background magnetic field. Observationally it has been shown that
the waves typically exhibit a series of harmonics of the proton gyrofrequency up to the lower hybrid fre-
quency (e.g., Balikhin et al., 2015). Recent studies also reported some new complicated features such as ris-
ing‐tone spectra and quasi‐periodicity in time (Boardsen et al., 2014; Fu et al., 2014). Magnetosonic waves in
the inner magnetosphere are also known as equatorial noise since they are usually observed within a few
degrees of the geomagnetic equator (Ma et al., 2013; Russell et al., 1970). The statistical study has shown that
magnetosonic waves can occur both inside and outside the plasmasphere, with a preferential occurrence at
the dusk sector (Yuan et al., 2019). Satellite observations show a link between the excitation of magnetosonic
waves and proton ring distribution at energies about dozens of keV (Boardsen et al., 1992; Meredith et
al., 2008; Perraut et al., 1982). Then, both linear theory (Chen et al., 2010; Min & Liu, 2016; Sun, Gao,
Chen, et al., 2016) and PIC simulations (Liu et al., 2011; Sun, Gao, Lu, et al., 2016) have demonstrated that
the waves can be generated by a ring distribution of protons with the positive phase space density gradient
around the local Alfven speed.

In recent years, there has been an increasing interest in magnetosonic waves due to their potential roles in
both accelerating and scattering radiation belt electrons (Horne et al., 2007; Horne & Thorne, 1998; Li
et al., 2014; Ni et al., 2017; Xiao et al., 2015). Horne et al. (2007) suggested that magnetosonic waves can
accelerate radiation belt electrons through Landau resonance, and the corresponding timescale can be as
short as 1 day. This time scale is comparable to that of acceleration due to cyclotron resonance with whistler
mode chorus (Horne et al., 2005), suggesting the importance of magnetosonic waves in radiation belt elec-
tron acceleration. Since Landau resonant scattering of electrons relies on the parallel wavenumber, which
is sensitive to the exact value of the wave normal angle θ near 90°, the scattering rate is sensitive to the wave
normal angle. Magnetosonic waves can also interact with radiation belt electrons via bounce resonance
(Chen et al., 2015; Tao & Li, 2016). Using a test particle simulation, Chen et al. (2015) demonstrated that
the effect of bounce resonance of magnetosonic waves on equatorially mirroring electrons is also sensitive
to the wave normal angle. It is interesting to note that transit time scattering of energetic electrons can
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occur due to spatial confinement of magnetosonic waves near the equator
(Bortnik et al., 2015; Bortnik & Thorne, 2010). In addition to interacting
with energetic electrons, PIC simulations revealed that magnetosonic
waves can result in the energization of background thermal electrons
and protons (Chen et al., 2018; Sun et al., 2017). These findings were later
confirmed by the satellite observations (Yuan et al., 2018).

Both quasi‐linear theory (Mourenas et al., 2013; Li et al., 2014) and test
particle simulation (Chen et al., 2015; Lei et al., 2017) have shown that
the scattering rate of electrons is sensitive to the wave normal angle of
magnetosonic waves. Compared to the waves with θ = 89.5°, the magne-
tosonic waves with θ = 87° have a much stronger efficiency to scatter the
near 90° pitch angle electrons (Lei et al., 2017). Thus, the exact value of the
wave normal angle is an important parameter to model the effect of mag-
netosonic waves on the radiation belt electron dynamics. However, obser-
vationally it is difficult to identify the wave normal angle within a few
degrees (Yuan et al., 2019; Zou et al., 2019). In this study, using the linear
theory and PIC simulations, we investigate the wave normal angle charac-
teristics of magnetosonic waves excited by ring distribution protons. The
structure of this paper is as follows. Section 2 describes the PIC simulation
model and initial parameters. Then, the simulation results are presented
in section 3. At last, conclusions and discussion are given in section 4.

2. Simulation Model

The PIC simulation provides a powerful tool to study the waves in the
space plasma (e.g., Chen et al., 2016; Sun et al., 2019). In this paper, 2‐D
electromagnetic PIC simulations are employed to investigate the wave
normal angle distribution of magnetosonic waves driven by a proton ring
distribution. The simulation domain lies in the x‐y plane and the back-
groundmagnetic fieldB0 is along the y‐axis. Periodic boundary conditions
are used in both dimensions. The simulation model consists of three
plasma components: cool electrons, cool protons, and ring distribution
protons. Their number densities are ne, npc, and npr, respectively, and
satisfy the condition ne = npc+npr for the sake of charge neutrality. The
cool electrons and cool protons are assumed to satisfy a Maxwellian distri-
bution. The distribution of ring distribution protons is given by
fpr = nprδ(v∥)δ(v⊥ − VR)/(2πv⊥), where v∥ and v⊥ are velocities parallel
and perpendicular to the background magnetic field, and VR is the proton
ring velocity. Hereafter, subscripts e, pc, and pr represent cool electrons,
cool protons, and ring distribution protons, respectively.

In our simulations, the magnetic field is normalized to B0, and the num-
ber density is expressed in the units of the cool electron density ne. The
time and space are normalized to the inverse of proton gyrofrequency

Ωp = eB0/mp and the proton inertial length λi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mp=neμ0e2

p
, respec-

tively, where mp is the proton mass, e is the elementary charge, and μ0
is the vacuum permeability. Due to the nearly perpendicular propagation
of the magnetosonic waves, we choose spatial domain in the simulation to
have spatial length perpendicular to the background magnetic field
Lx = 10πλi (with corresponding grid number Nx = 1,024) and spatial
length parallel to the background magnetic field Ly = 50πλi (with corre-
sponding grid numberNy= 512). There are on average 200 macroparticles
in each of the Nx × Ny cells for each of the three species. Here a smaller
light speed c/VA = 20 is chosen to improve the computational efficiency,

Figure 1. The time evolution of spatially averaged fluctuating (a) electric
fields and (b) magnetic fields, and (c) the power spectrum of fluctuating
magnetic field δBy for Case 1.
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where VA is the Alfven speed. Then, the ion plasma frequency to gyrofre-
quency ratio ωp/Ωp is 20 in the simulations. A reduced proton‐to‐electron
mass ratiomp/me = 100 is adopted for the same reason. Our previous the-
oretical and simulation studies (Sun, Gao, Chen, et al., 2016; Sun, Gao, Lu,
et al., 2016) have investigated the effects of the mass ratio and the speed of
light on the wave spectrum. The smaller mass ratio and the smaller light
speed than the actual value may reduce the low hybrid frequency of the
system and cause changes in the frequency of magnetosonic waves com-

pared to the proton cyclotron frequency. The time step is Δt ¼ 5 × 10−4

Ω−1
p such that electron dynamics can be fully resolved. Initially, the ther-

mal speed of the cool protons is set to 0.0114VA with the corresponding
βp = 1.3 × 10−4. The cool electrons adopt the same temperature as cool
protons. The number density of ring distribution protons npr/ne is 0.05.

3. Simulation Results

With the 2‐D PIC simulation model and the simulation setup described
above, we examine the wave normal angle distribution of magnetosonic
waves excited by ring distribution protons. We will consider two cases
with different proton ring velocities, VR/VA = 1 (Case 1) and VR/VA = 2
(Case 2), respectively.

Figures 1a and 1b show the time evolution of spatially averaged fluctuat-
ing electromagnetic fields for Case 1. It is clear that the waves begin to be
excited from the very beginning and then undergo a linear growth stage
before a saturation stage is reached at aboutΩpt= 20. The saturated waves
have dominant perpendicular electric field component δEx and field‐
aligned magnetic component δBy, indicating that the waves possess com-
pressional magnetic field. This is consistent with the polarization of mag-

netosonic waves predicted by the linear theory (Gary et al., 2010). Figure 1c displays the power spectrum of
fluctuating magnetic field which is obtained by Fourier transforming of δBy/B0 from Ωpt = 0 to 60. The
power spectral density shows discrete peaks at harmonic frequencies from 6 to 11Ωp.

To investigate the wave normal angle distribution of magnetosonic waves, we select for detailed diagnosis
two representative moments: Ωpt = 10 at the linear growth stage and Ωpt = 35 at the nonlinear evolution
stage. Figures 2a and 2b show the contour plot and the wavenumber power spectrum of fluctuatingmagnetic
field δBy at Ωpt = 10, respectively. In this paper, δByk represents the fluctuating magnetic field δBy in the
wavenumber space. From the contour plot of δBy, we can see that the waves propagate mainly along the per-
pendicular (x) direction. It can be seen more clearly from Figure 2b that the dominant waves are mainly dis-
tributed in 10k0 < kx < 15k0 and 0.5k0 < ky< 2k0, where kx and ky are wavenumbers in x and y directions and

k0 is equal to λ−1i . The magnitude of perpendicular wavenumber kx is consistent with the results of the pre-
vious 1‐D PIC simulation (Sun, Gao, Lu, et al., 2016). The perpendicular wavenumber is much larger than
the parallel wavenumber, which also indicates that the waves propagate almost perpendicularly to the back-
ground magnetic field. Note that the wave normal angle of magnetosonic waves becomes smaller as the
wavenumber increases. Summing the power of magnetosonic waves along a given angle in wavenumber
space, we can examine their wave normal angle distribution at Ωpt = 10 shown in Figure 2c. The wave nor-
mal angles of magnetosonic waves are mainly distributed between 82° and 89°.

To certify the wave normal angle distribution of magnetosonic waves obtained by the PIC simulation in the
linear growth stage, we calculate the linear growth rate of the magnetosonic waves based on the initial simu-
lation parameters. The linear theory model we use here is the same as Chen et al. (2015). Figure 3a displays
the growth rate γ as a function of kx and ky. The modes with dominant growth rates (γ > 0.4Ωp) are mainly
distributed around 10k0 < kx< 20k0 and 0.5k0 < ky< 3k0. This wavenumber regime is consistent with that for
the simulated wave power spectrum (Figure 2b). Figure 3b shows the growth rate γ as a function of wave
frequency ω, and the color in the figure indicates the wave normal angle of the waves. The frequency of

Figure 2. (a) The contour plot and (b) the wavenumber power spectrum of
fluctuating magnetic field δBy, and (c) the wave normal angle distribution
at Ωpt = 10 for Case 1.
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unstable modes obtained by the linear theory is mainly distributed
between 5 and 15 Ωp. The growth rate profile is mainly consistent with
the spectral peaks obtained from the simulation (Figure 1c). The wave
normal angles of the waves with frequencies of 5 to 10 Ωp are above 85°,
and the wave normal angles of the waves with frequencies of 11 to
15 Ωp are located between 80° and 85°. Higher frequency magnetosonic
waves have smaller wave normal angles, and these waves tend to dissipate
quickly. The excited magnetosonic wave frequency in the simulation
which includes the nonlinear evolution of the waves is smaller than the
frequency predicted by the linear theory. Thus, it is safe to conclude that
the fluctuating electromagnetic fields in our simulations are indeed mag-
netosonic waves generated by the ring distribution protons.

Figures 4a and 4b show the contour plot and the wavenumber power spec-
trum of fluctuating magnetic field δBy at Ωpt = 35, respectively. The wave
normal angle distribution of magnetosonic waves at this time is displayed
in Figure 4c. As shown in Figure 4b, the power spectrum of magnetosonic
waves has become very narrow in the wavenumber regime, in comparison
with Figure 2b. During the nonlinear evolution stage, the wave normal
angles of magnetosonic waves are approximately 84° to 89° (Figure 4c).
Thus, compared to the linear growth stage, the magnetosonic waves in
the nonlinear stage will be distributed over larger wave normal angles.

We also investigate the influence of the ring velocity of the proton ring dis-
tribution. Figure 5 displays the simulation results of Case 2 with the pro-
ton ring velocity VR/VA set to 2. We select two representative moments for
detailed diagnosis, one at Ωpt = 15 for the linear growth stage and the
other atΩpt= 35 for the nonlinear evolution stage. Figures 5a and 5b illus-
trate the contour plot and the wavenumber power spectrum of fluctuating
magnetic field δBy at Ωpt = 15, respectively, while Figure 5c displays the
wave normal angle distribution of magnetosonic waves at this time.
Figures 5d–5f show the results at Ωpt = 35 using the same format as
Figures 5a–5c. Compared with the results of Case 1 (Figure 2), we find
from Figure 5b that with the increase of the proton ring velocity, the per-
pendicular wavenumber of magnetosonic waves becomes smaller, while
the parallel wavenumber is almost the same. This leads to a smaller wave

normal angle of the waves for Case 2, and the wave normal angle can be as small as about 75° (Figure 5c).
The dependence of the wave normal angle and the ring velocity obtained by the simulation is consistent with
that predicted from the linear theory (Min & Liu, 2016). In addition, similar to the result of Case 1, the wave
normal angles in the nonlinear stage (Figure 5f) become larger than that in the linear growth
stage (Figure 5c).

To further study the wave normal angle distribution of magnetosonic waves in the Earth's magnetosphere,
we perform another 2‐D simulation in the dipole magnetic field instead of the uniform magnetic field used
above. The simulation setup is the same as that of Chen et al. (2018). This simulation model investigates the
excitation of magnetosonic waves in the meridian plane, and the ring distribution protons are placed at the
center of the simulation domain as the energy source of the waves. The plasma parameters of the source
region in the model are consistent with those in Case 1 in this paper. Figure 6a shows the power spectral
density of δB‖/B0 at the central location of the simulation region, and Figure 6b shows the wave normal

angle θ of wave amplitude δB2
‖
=B2

0 > 5 × 10−6 . The wave normal angles are estimated by the algorithm
in Means (1972). As shown in the figure, the wave normal angles are distributed between 80° to 90°.

At 20Ω−1
p after reaching the maximum wave power, the energy of magnetosonic waves at lower frequency

(5 Ωp) is reduced to about 50% of its corresponding maximum value, while the energy at higher frequency
(8 Ωp) is reduced to about 10% of its corresponding maximum value. Therefore, the higher frequency waves
tend to dissipate faster. These features are basically consistent with the results of Case 1. The nonlinear

Figure 3. (a) The linear growth rate γ of magnetosonic waves as a function
of kx and ky. (b) The linear growth rate γ versus the wave frequency ω
and the color denotes the wave normal angle of the waves.
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Figure 4. (a) The contour plot and (b) the wavenumber power spectrum of fluctuating magnetic field δBy, and (c) the
wave normal angle distribution at Ωpt = 35 for Case 1.

Figure 5. The contour plot of fluctuating magnetic field δBy for Case 2 at (a) Ωpt = 15. (d) Ωpt = 35, (b) and (e) for the wavenumber power spectrum; and (c) and
(f) for the wave normal angle distribution.
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evolution of electromagnetic waves in the simulation is complicated by wave propagation. The absorbing
boundary conditions for electromagnetic fields used in the dipole field allow the excited waves to
propagate out of the simulation region and leave the simulation system, while the periodic boundary
conditions used in the uniform field will permit those waves reaching the boundary reenter the system.
The former simulation tends to have smaller wave normal angle values than the uniform simulation.
Therefore, the boundary condition may lead to the difference in the evolution of the wave normal angle
distribution between the dipole field and the uniform field. Figure 6c displays the average wave normal
angle weighted by wave intensity from Ωpt = 0 to 60 as a function of wave frequency ω for this

simulation. The average wave normal angle for each frequency is calculated by < θ > ¼ ∑tθ tð ÞδB2
‖
tð Þ=∑t

δB2
‖
tð Þ. The average wave normal angle decreases as the wave frequency increases, which is consistent with

the result in the uniform field. These results support that the wave normal angle distribution obtained in the
uniform magnetic field can be applied to the Earth's magnetosphere.

4. Conclusions and Discussion
In this paper, by performing 2‐D PIC simulations, we have investigated the wave normal angle distribution
of magnetosonic waves excited by ring distribution protons. Our study found that the wave normal angles
are distributed over a narrow range (82°–89°) with a major peak at about 85° during the linear growth stage
when the proton ring velocity VR is close to VA. In addition, 2‐D PIC simulations further demonstrated that

Figure 6. (a) The power spectral density of δB‖/B0 and (b) the wave normal angle as a function of frequency and time for
the simulation in the dipole magnetic field. (c) The average wave normal angle <θ> versus the wave frequency ω.
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the waves tend to have larger wave normal angles (84°–89°) during the saturation stage since the waves with
smaller wave normal angles dissipate more quickly. It is also found that the wave normal angles decrease
with the increase of wave frequency. With the increase of the ring velocity of the proton ring distribution,
the perpendicular wavenumber of excited magnetosonic waves decreases, which leads to the decrease of
the wave normal angle. The PIC simulation in the dipole magnetic field further demonstrates that the wave
normal angle distribution obtained in the uniform magnetic field can be applied to the Earth's
magnetosphere.

Radiation belt electrons can be accelerated and scattered by magnetosonic waves in the Earth's magneto-
sphere, and the scattering rate of electrons is sensitive to the wave normal angle. In previous studies (e.g.,
Bortnik & Thorne, 2010; Li et al., 2014; Ni et al., 2017), an assumed Gaussian wave normal angle distribution
with a central peak at 89° or 89.5° is adopted, but there lacks justification for the central peak values. Our
results indicate that the wave normal angle of the magnetosonic waves is smaller than the angles commonly
used in the previous model. Thus, the scattering effect of the magnetosonic waves on the radiation belt elec-
trons may be underestimated in the previous model. Limited by the computational resources, a reduced
mass ratio and a smaller light speed are used in our simulations. Using the linear theory, it is shown that
the increase of the mass ratio or the light speed tends to result in a slightly larger wave normal angle but does
not change the essential physics. The wave normal angle is still significantly less than 89°. According to
Mourenas et al. (2013), the wave normal angle smaller than 89° will lead to a more efficient pitch angle
and momentum diffusion of relativistic electrons by magnetosonic waves, potentially even more efficient
than scattering by chorus waves. In addition, the wave normal angle of magnetosonic waves is smaller in
the linear stage than in the nonlinear evolution stage, which may affect the scattering rate of electrons in
the radiation belt. It is interesting to note that the ring distribution protons can also generate the electromag-
netic ion cyclotron waves (Min & Liu, 2016). The interaction between these waves excited self‐consistently
and radiation belt electrons in the dipole magnetic field will be investigated in the future.
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