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Abstract Linear dispersion theory and electromagnetic particle-in-cell (PIC) simulations are used to
investigate linear growth and nonlinear saturation of the proton velocity ring-driven instabilities, namely,
ion Bernstein instability and Alfvén-cyclotron instability, which lead to fast magnetosonic waves and
electromagnetic ion cyclotron waves in the inner magnetosphere, respectively. The proton velocity
distribution is assumed to consist of 10% of a ring distribution and 90% of a low-temperature Maxwellian
background. Here two cases with ring speeds vr∕vA =1 and 2 (vA is the Alfvén speed) are examined
in detail. For the two cases, linear theory predicts that the maximum growth rate 𝛾m of the Bernstein
instability is 0.16Ωp and 0.19Ωp, respectively, and 𝛾m of the Alfvén-cyclotron instability is 0.045Ωp and
0.15Ωp, respectively, where Ωp is the proton cyclotron frequency. Two-dimensional PIC simulations are
carried out for the two cases to examine the instability development and the corresponding evolution of the
particle distributions. Initially, Bernstein waves develop and saturate with strong electrostatic fluctuations.
Subsequently, electromagnetic Alfvén-cyclotron waves grow and saturate. Despite their smaller growth
rate, the saturation levels of the Alfvén-cyclotron waves for both cases are larger than those of the Bernstein
waves. Resonant interactions with the Bernstein waves lead to scattering of ring protons predominantly
along the perpendicular velocity component (toward both decreasing and, at a lesser extent,
increasing speeds) without substantial change of either the parallel temperature or the temperature
anisotropy. Consequently, the Alfvén-cyclotron instability can still grow. Furthermore, the free energy
resulting from the pitch angle scattering by the Alfvén-cyclotron waves is larger than the free energy
resulting from the perpendicular energy scattering, thereby leading to the larger saturation level of the
Alfvén-cyclotron waves.

1. Introduction

Proton ring-like velocity distributions or, more generally, proton velocity distributions with 𝜕fp(v⟂)∕𝜕v⟂ > 0
are frequently observed in the inner magnetosphere [Meredith et al., 2008; Chen et al., 2011; Thomsen et al.,
2011; Ma et al., 2014; Balikhin et al., 2015], and have been obtained from the magnetospheric ring current
model [e.g., Jordanova et al., 1997]. Chen et al. [2010a, 2010b] used the ring current ion distributions obtained
from such a model to show that two distinct types of potentially unstable proton velocity distributions can
arise. The proton distributions near midnight are essentially bi-Maxwellian with T⟂∕T‖ > 1 as a result of fresh
ion injection from the nightside, where T is the temperature and the subscripts denote directions relative to
the background magnetic field B0. However, the energy-dependent ion drift leads to ring-like velocity distri-
butions between prenoon and duskside [Chen et al., 2010b, Figure 4]; protons above 10 keV drift westward
due to the dominant ∇B drift, while protons below 1 keV are predominately subject to the E × B drift in the
eastward direction. At the same time, T⟂∕T‖ increases and reaches its maximum near prenoon at L ∼ 4.5. The
ring speed vr is greater than 2vA in the plasmasphere near the duskside, where vA is the Alfvén speed, and falls
down to ∼ vA beyond noon where the electron density becomes low. Observationally, Meredith et al. [2008]
showed that proton rings with the ring speed exceeding the Alfvén speed occur on the duskside, both inside
and outside the plasmapause, where fast magnetosonic waves were simultaneously observed. Thomsen et al.
[2011] showed that the peak occurrence of positive slopes of ion distributions is between midmorning and
dusk and moves progressively toward earlier local times for higher energies.

For conditions of the inner magnetosphere, two classes of electromagnetic waves that can be driven by such
ring-like proton velocity distributions with sufficient temperature anisotropy are frequently observed near
the geomagnetic equator with frequencies on the order of the proton cyclotron frequency Ωp. One class is
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electromagnetic ion cyclotron (EMIC) waves driven by the temperature anisotropy of energetic ring current
ions with energies of tens of keV [e.g., Cornwall, 1965; Kennel and Petschek, 1966; Gary et al., 1994, 2012]. The
presence of heavy ions, namely, helium and oxygen ions, complicates the overall picture of the instability by
introducing cyclotron damping at the corresponding cyclotron frequencies and two stop bands below Ωp,
resulting in three distinct bands of EMIC waves [Gomberoff and Neira, 1983; Kozyra et al., 1984]. While the ion
composition, the electron plasma-to-cyclotron frequency ratio𝜔pe∕Ωe, and T‖ and T⟂∕T‖ of the energetic ions
determine the growth rate and the frequency band of the most unstable mode [Gendrin et al., 1984; Horne and
Thorne, 1994; Gary et al., 2012; Lee and Angelopoulos, 2014; Denton et al., 2015], the maximum growing modes
generally have wave numbers at k𝜆p ≤ 1, propagate parallel to B0 with left-hand polarization, and are highly
electromagnetic (|𝛿E|2∕|𝛿B|2<1), where 𝜆p is the proton inertial length and 𝛿E and 𝛿B are, respectively,
electric and magnetic field fluctuations. Much of local excitation and subsequent propagation away from the
source region for EMIC waves has been understood through theory and modeling [Gary et al., 1994; Horne and
Thorne, 1994; Jordanova et al., 2001; Khazanov et al., 2006; Gamayunov and Khazanov, 2008; Chen et al., 2010a;
Hu et al., 2010; Omidi et al., 2010; Denton et al., 2014], and observations [Loto’aniu et al., 2005; Blum et al., 2009,
2012; Zhang et al., 2014; Min et al., 2015]. In recent years, EMIC waves are thought to play an important role in
radiation belt electron loss through pitch angle scattering [Meredith et al., 2003; Shprits et al., 2008; Millan and
Thorne, 2007; Xiao et al., 2011; Shprits et al., 2013; Usanova et al., 2014; Kersten et al., 2014; Ma et al., 2015].

Another class is fast magnetosonic waves which have |𝛿B‖|2 > |𝛿B⟂|2, propagate quasi-perpendicular to B0

(0 < k‖ ≪ k⟂), and are confined to within ∼ 2∘ of the magnetic equatorial plane [Russell et al., 1970; Gurnett,
1976; Laakso et al., 1990; Kasahara et al., 1994; Santolík et al., 2004; Němec et al., 2005, 2006; Hrbáčková et al.,
2015]. A defining signature of these waves is a series of discrete, narrow tones at multiples of Ωp present in
the frequency spectrum between ∼ Ωp up to and beyond the lower hybrid frequency 𝜔lh, although in some
cases the harmonic spacings can vary [Gurnett, 1976; Santolík et al., 2002; Posch et al., 2015] perhaps related
to radial propagation from the distant source region [Perraut et al., 1982; Xiao et al., 2012, 2015a]. Such wave
properties, especially the proton cyclotron harmonic dispersion, are consistent with those of the growing
modes driven by the proton ring-like velocity distributions [Gul’elmi et al., 1975; Curtis and Wu, 1979; Perraut
et al., 1982; McClements and Dendy, 1993; McClements et al., 1994; Horne et al., 2000; Chen et al., 2010b; Denton
et al., 2010; Gary et al., 2010, 2011a; Liu et al., 2011a; Min and Liu, 2015a; Chen, 2015], which were often observed
together with the waves [Perraut et al., 1982; Boardsen et al., 1992; Meredith et al., 2008; Xiao et al., 2013; Ma
et al., 2014; Zhou et al., 2014; Posch et al., 2015]. Given these properties, Gary et al. [2010, 2011a] suggests
that the associated instability should be referred to as ion Bernstein instability. Fast magnetosonic waves can
accelerate and pitch angle scatter radiation belt electrons through resonant and nonresonant interactions
[Horne et al., 2007; Bortnik and Thorne, 2010; Chen et al., 2015; Xiao et al., 2015b].

An important, but overlooked aspect of the proton ring-like velocity distributions in the inner magnetosphere
is that for a sufficiently large ring speed and/or sufficiently small T‖, they can be very anisotropic and thus
should be unstable to the growth of the temperature-anisotropy-driven waves, such as EMIC waves, in addi-
tion to the fast magnetosonic waves due to 𝜕fp(v⟂)∕𝜕v⟂ > 0 [e.g., Mithaiwala et al., 2013; Vandas and Hellinger,
2015]. However, considering prevalence of the ring-like velocity distributions as the models and observations
above have shown, previous studies have only investigated either ion Bernstein or Alfvén-cyclotron instabili-
ties and, to our knowledge, there have been no studies reporting the simultaneous development of the two
instabilities, their interaction, and the implication on magnetospheric wave and particle dynamics. This study
focuses on the simultaneous development of the two instabilities driven by a proton ring velocity distribution.

The goal here is threefold. First, we will provide a comprehensive picture of both instabilities across all wave
normal angles, using fully kinetic dispersion theory for the ring velocity distributions [Umeda et al., 2012; Min
and Liu, 2015a]. For systematic analyses, we will assume a simplified two-component proton velocity distri-
bution, fp = fr + fM, where fM represents Maxwellian background protons with a small temperature, and fr

represents a nondrifting ring (equation (1)) of energetic protons. Helium and oxygen ions are excluded in
the current study for simplicity. Second, we will carry out two-dimensional particle-in-cell (PIC) simulations
to examine the instability development and to investigate nonlinear saturation of the Alfvén-cyclotron and
Bernstein modes. Last, we will examine how two types of instabilities compete for free energy and affect the
evolution of fp. The paper is organized as follows. Section 2 describes the proton velocity distribution model
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and the linear dispersion relation solver used as well as the setup of the PIC simulations performed. Results of
linear theory and PIC simulations are presented in section 3. Sections 4 and 5 are devoted to discussions and
summary of the results, respectively.

Throughout the paper, we denote the jth species plasma frequency as 𝜔pj ≡

√
4𝜋nje2∕mj , the jth species

cyclotron frequency as Ωj ≡ ejB0∕mjc, and the jth component beta as 𝛽j ≡ 8𝜋njTj∕B2
0. Additionally, we define

𝛽j ≡ 8𝜋n0Tj∕B2
0 following Gary et al. [2010]. The Alfvén speed is vA ≡ B0∕

√
4𝜋n0mp, the proton inertial length

is 𝜆p ≡

√
mpc2∕4𝜋n0e2, and the lower hybrid frequency is 𝜔lh = 𝜔pp∕

√
1 + 𝜔2

pe∕Ω2
e . Here n0 is equal to the

unperturbed electron density ne.

Carrying out fully kinetic, fully electromagnetic two-dimensional PIC simulations to resolve the two instabili-
ties that have different spatiotemporal scales is computationally challenging. Given our limited computational
resources, we here resort to a reduced system which is, nevertheless, sufficient for understanding essen-
tial physics. Consistent with the previous studies [Liu et al., 2011a; Min and Liu, 2015a, 2015b], a reduced
proton-to-electron mass ratio of mp∕me =100 and a relatively small light-to-Alfvén speed ratio of c∕vA =15
(equivalently𝜔pe∕Ωe =1.5) are assumed. The reduced parameters result in𝜔lh ≈8.3Ωp and allow a reasonably
large simulation time step without violating stability conditions of PIC simulations.

The proton distribution model used is certainly different from the conditions in the inner magnetosphere. For
example, energetic particles of the magnetospheric plasma often have a high-energy tail so a kappa-type dis-
tribution may be a better choice [Viñas et al., 2005; Xiao et al., 2007, 2008]. And the effect of heavy ions not
included can modify the dispersion characteristics of EMIC waves by introducing the two stop bands.
Furthermore, the reduced parameters chosen for simulations are certainly unrealistic. Therefore, this study
does not intend to reproduce the observed wave phenomena. However, the proton model chosen can still
provide invaluable insights into the relevant instabilities and the simulations based on the reduced parame-
ters still preserve the essential physics of wave-particle interactions, the understanding of which is the main
focus of this study.

2. Methodology

To represent the velocity ring condition of 𝜕fp(v⟂)∕𝜕v⟂ > 0 at suprathermal proton speeds, we here consider
the proton velocity distribution constructed from two components in the form fp(v) = fr(v‖, v⟂) + fM(v‖, v⟂),
where each component can be represented by a nondrifting ring velocity distribution

fj(v‖, v⟂) =
nj

𝜋3∕2𝜃3
j Aj

e−v2‖∕𝜃2
j e−(v⟂−vj)2∕𝜃2

j , (1)

where Aj = exp(−v2
j ∕𝜃

2
j ) +

√
𝜋(vj∕𝜃j) erfc(−vj∕𝜃j) is jth component’s normalization constant and vj and 𝜃j

are jth component’s ring speed and thermal spread of the ring, respectively. Here fM is the thermal proton
background with a Maxwellian distribution (i.e., vM = 0) with 𝛽M = 𝜃2

M∕v2
A = 0.002 (using the definitions in

section 1). The other component, fr , is the ring velocity distribution (i.e., vr > 0) with 𝜃2
r ∕v2

A = 0.2. Additionally,
electrons are represented by a single Maxwellian velocity distribution with 𝛽e = 𝛽M. These base parameters
are consistent with those of Liu et al. [2011a] and Min and Liu [2015a, 2015b], so the results here can be directly
compared to theirs. Since it has been shown that the ring speed in the inner magnetosphere associated with
fast magnetosonic waves can vary from below vA to above 2vA [Horne et al., 2000; Meredith et al., 2008; Chen
et al., 2010b; Thomsen et al., 2011; Ma et al., 2014], we accordingly choose two representative cases, vr∕vA = 1
and 2. Later, we vary the ring concentration nr∕ne to investigate the linear instability scaling on nr∕ne. Table 1
lists five sets of ring proton parameters to be used in the study. The table also includes effective temperature
anisotropies (T⟂r∕T‖r) of fr , the ratio of the perpendicular to parallel second velocity moments, ⟨v2

⟂⟩∕⟨2v2‖⟩ (for
vr∕𝜃r ≫ 1, T⟂r∕T‖r ≈ 3∕2+ v2

r ∕𝜃
2
r ). With 𝛽‖r , this is an important parameter to determine the properties of the

Alfvén-cyclotron instability [e.g., Kennel and Petschek, 1966; Gary et al., 2012].

For linear theory analyses, the dispersion solver developed by Min and Liu [2015a] is used to solve the fully
kinetic dispersion equation corresponding to the two-component proton model for the complex frequency
𝜔 = 𝜔r + i𝛾 at given pairs of the wave normal angle 𝜓 ranging from 0∘ to 90∘ in steps of 1∘ for 𝜓 ≳ 45°
and 5∘ for 𝜓 ≲45∘, and the wave number k ≲ 100𝜆−1

p with varying step sizes. The dispersion solver directly
accepts velocity distributions constructed from multiple rings of equation (1) and is therefore appropriate for
the current analyses.
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Table 1. Parameters of Two-Component Proton Model and Maximum Linear Instabilitiesa

Model nr∕ne vr∕vA T⟂∕T‖ 𝜔IB
m∕Ωp kIB

m𝜆p 𝜓 IB
m 𝜔AC

m ∕Ωp kAC
m 𝜆p

1 0.1 2.0 21.3 9.7 + 0.19i 7.06 74∘ 0.63 + 0.15i 0.95

2 0.1 1.0 6.44 6 + 0.16i 10.1 90∘ 0.6 + 0.045i 0.89

3 0.01 2.0 21.3 3 + 0.049i 3.2 90∘ 0.59 + 0.023i 0.9

4 0.5 1.0 6.44 3.96 + 0.33i 8.48 90∘ 0.65 + 0.15i 0.94

5 0.5 2.0 21.3 15.6 + 0.68i 11.4 72∘ 0.82 + 0.47i 1.25
aSuperscripts IB and AC denote ion Bernstein and Alfvén-cyclotron instabilities, respectively, and subscript m means

value of the quantity at the maximum growth rate.

For two-dimensional kinetic simulations, we adopt the PIC code developed by Liu [2007]. The code
self-consistently solves a coupled system of nonrelativistic equations of charged particles’ motion and
Maxwell’s equations, using the second-order accurate, centered-difference scheme for spatial derivatives, the
Boris scheme for particle acceleration, and the explicit leapfrog scheme for temporal integration [Birdsall and
Langdon, 1985]. This code has since been used for many studies including banded chorus [Liu et al., 2011b;
Gary et al., 2011b; Fu et al., 2014] and fast magnetosonic waves [Liu et al., 2011a; Min and Liu, 2015a].

Here we carry out two simulation runs corresponding to models 1 and 2, for which the maximum growth rate
𝛾m is sufficiently large for all of the wave modes of interest to grow to a sufficient level within reasonable com-
putation times. The simulation domain is contained in the x-y plane with the uniform background magnetic
field B0 along the x direction. Periodic boundary conditions are used in both dimensions, so the results to
be presented in the following sections are appropriate within the small region of the geomagnetic equator
where the waves grow locally. We choose the simulation sizes Lx = 120𝜆p and Ly = 48𝜆p, and the number of

Figure 1. Linear theory results for model 1. (a) Growth rate (𝛾 > 0) normalized to Ωp of the AC and IB instabilities as a
function of 𝜓(°) and k𝜆p . (b) Line plots of 𝛾∕Ωp at 𝜓 = 0° (solid) and 𝜓 = 74° (dashed) as a function of 𝜔r∕Ωp . Label “AC”
denotes the region of the unstable AC mode, and labels “1st,” “2nd,” and “3rd” denote the fundamental, second, and
third harmonics of the unstable IB modes.

MIN AND LIU PROTON RING-DRIVEN INSTABILITIES 478



Journal of Geophysical Research: Space Physics 10.1002/2015JA022042

Figure 2. Time evolution of the simulated field energies and particle temperatures for model 1. Shown from the top are
(a) electric and (b) magnetic field energies, (c) parallel temperatures of components/species, and (d) temperature
anisotropy of components/species. Four selected times t1 –t4 marked are at 30Ω−1

p , 60Ω−1
p , 90Ω−1

p , and 150Ω−1
p ,

respectively.

cells Nx = Ny = 960. Such a domain setup allows us to simultaneously resolve both the ion Bernstein modes
of large wave number at the quasi-perpendicular direction and the Alfvén-cyclotron modes of small wave
number at the parallel direction. The reduced parameters, mp∕me = 100 and c∕vA = 15, enable a reasonably
large time step Δt = 0.001Ω−1

p . We use 2500 simulation particles per cell per component in the simulations.

3. Results

This section describes linear theory and PIC simulation results from models with two different values of the
ring speed. As stated in Table 1, model 1 corresponds to vr∕vA = 2, whereas model 2 corresponds to vr∕vA = 1;
all other dimensionless parameters are the same for the two cases.

3.1. Large Ring Speed (Model 1)
Figure 1a displays the linear growth rate (only for 𝛾 > 0) for proton model 1 as functions of k and 𝜓 . To pro-
duce this figure, we have chosen the maximum growth rate among all solutions at given k and 𝜓 , as the ion
Bernstein modes have multiple dispersion surfaces at different frequencies. The Alfvén-cyclotron (AC) modes
are unstable at 𝜓 ≲ 60∘ and wave numbers ranging 0.5𝜆−1

p ≲ k ≲ 2𝜆−1
p , but the maximum growth rate

appears at 𝜓 = 0° and k ≈ 0.95𝜆−1
p . The ion Bernstein (IB) modes, in contrast, exhibit a rather complex struc-

ture. Above roughly 𝜓 = 88°, all the harmonic modes are discrete in wave number space (and in frequency
space as well). As 𝜓 decreases, the discrete harmonic dispersion becomes continuous starting from the high
harmonic modes, also shown in Horne et al. [2000]. Exceptions are the fundamental and second harmonic
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Figure 3. Four snapshots of the simulated wave power spectra corresponding to t1 –t4 for model 1. The (left column)
magnetic and (right column) electric wave power spectra are shown as a function of kx𝜆p (vertical axis) and ky𝜆p
(horizontal axis). The white contours delineate the linear growth rate of 𝛾 = 0.1Ωp . Labels AC, 2nd, 3rd, 4th, and 5th
denote the AC mode and second-to-fifth harmonics of the IB modes, respectively. Label “W” denotes the nonphysical
whistler mode discussed in the text.

modes (labeled as 1st and 2nd in the figure, respectively). All harmonic modes are basically unstable, but the
fundamental mode with 𝛾 > 0 does not appear until 𝜓 ≤ 83∘ and is only marginally unstable. All IB modes
are damped below 𝜓 ≈ 50∘. Despite the large anisotropy of the ring protons (T⟂r∕T‖r ≈ 21.3), the IB mode
located at kIB

m = 7.06𝜆−1
p and 𝜓 IB

m = 74° is most unstable with the growth rate 𝛾 IB
m = 0.19Ωp; note that 𝜓 IB

m is
far less than 90∘. Figure 1b shows line plots of 𝛾 as a function of𝜔r at 𝜓 = 0° and 74∘. The AC instability (solid
curve) has the maximum growth rate 𝛾AC

m = 0.15Ωp at 𝜔AC
r = 0.63Ωp. The local maxima of the IB instability

growth rates are located just below their respective harmonic numbers, consistent with previous studies [e.g.,
McClements et al., 1994; Gary et al., 2011a].

Figure 2 displays time evolution of the field energies and component’s/species’ temperatures from the PIC
simulation. Four selected times marked with t1 –t4 are at 30Ω−1

p , 60Ω−1
p , 90Ω−1

p , and 150Ω−1
p , respectively. The

initial time step (t = 0) not shown will be denoted by t0. Figure 3 shows the simulated magnetic (left column)
and electric (right column) field power spectra in the kx-ky domain at the selected times. The superimposed
white contours delineate the level of 𝛾 = 0.1Ωp from linear theory calculation. Finally, Figure 4 shows four
snapshots of the proton distribution, fp(ti), normalized by the maximum of the initial proton ring, max(fr(t0))
(left column), and the change of the distribution between ti and ti−1 (right column) normalized by 4 max(fr(t0))
(the factor 4 is applied to enhance the color contrast).
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Figure 4. Four snapshots of the proton distribution fp corresponding to t1 –t4 for model 1. (left column) fp(ti)
(in logarithmic scale) normalized by the maximum of fr(t0), max(fr(t0)); (right column) the change of fp between two
consecutive times normalized by 4 max(fr(t0)). The saturated red color in the change plots means ≥ 1, whereas the
saturated blue color means ≤ −1. The white regions in Figure 4 (left column) denote no proton zone.

Between time t = 0 and 30Ω−1
p , the total energies of the electric and magnetic field fluctuations (black curves)

linearly grow (in this log linear plot). During this phase, the in-plane perpendicular component of electric field
energy (∝ 𝛿E2

y ) dominates, and the compressional and out-of-plane perpendicular components of magnetic
field energy are comparable to each other and greater than the in-plane perpendicular component (𝛿B2

x ≳

𝛿B2
z ≫ 𝛿B2

y ). These are the signatures of the IB modes propagating quasi-perpendicular to B0 [e.g., Gary et al.,
2010; Liu et al., 2011a; Min and Liu, 2015b] which grow fastest in the system. The snapshots of the power spectra
at t1 show the enhanced IB modes within the contours of 𝛾 = 0.1Ωp, but no significant AC mode wave power
is present yet. The harmonic structure is quite obvious for kx𝜆p ≲ 1, but above kx𝜆p ≈ 1 the spectra become
continuous as predicted. From Figures 2c and 2d, the temperatures of the two proton components during
this period have barely changed.

From then until t ≈ 50Ω−1
p , the IB mode energy saturates followed by gradual decay. Comparing with the

power spectra at t1, the wave power of the IB modes for ky𝜆p ≳ 5 is substantially diminished at t2. In contrast,
the lower harmonic modes (roughly below the 5th harmonic) continue in growing. Also apparent during this
period is the substantial scattering of protons predominantly along the perpendicular velocity component
(Figure 4, second row). The background protons have gained substantial perpendicular energy [Curtis, 1985;
Horne et al., 2000] evidenced by the dark red, cone-shaped structure at the origin, and the ring protons have
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Figure 5. Linear theory results for model 2. The figure format is the same as Figure 1. Labels 5th–8th here denote the
corresponding harmonic numbers of the IB modes.

been scattered into both decreasing and, at a lesser extent, increasing v⟂ about v⟂ ≈ 2vA where the ring
distribution function of equation (1) initially peaked. Notably, the background electrons experienced rapid
parallel heating (dash-dotted curve in Figure 2c) which appears to be nonphysical (more discussion in the
next section).

During this period, the AC modes also grow out of the noise floor within the predicted wave number range, but
proton pitch angle scattering has not yet stood out. There is another enhanced mode that was not predicted
from linear theory, which is marked with W in Figure 3. This mode intensifies roughly right after the IB modes
saturate and lies on the low-frequency portion of the whistler dispersion surface (not shown). Further test
simulations demonstrated that their wave numbers change with the spatial resolution of the simulation (not
shown), suggesting that they are numerical noises and nonphysical.

The period between t2 and t3 is featured by the linear growth phase of the AC instability, as evidenced by the
roughly linear increase of the y and z components of the magnetic field energies. At time t3, the magnetic field
wave power spectrum peaks at ky𝜆p ≈ 0. On the other hand, the wave power of the 4th harmonic and beyond
of the IB modes is now substantially reduced, indicating that their free energy source has been exhausted.
During this period, Figures 2c and 2d show that T⟂r∕T‖r of the ring protons has dropped from ∼ 15 to ∼ 4,
while T‖r has increased significantly. The background protons further gained perpendicular energy perhaps
from the remnant IB modes. Using numbers from Table 1, the parallel speed of protons in resonance with the
most unstable AC mode propagating parallel to B0 is v‖res ≈ (𝜔AC

r,m − Ωp)∕kAC
m = −0.4vA. The change of the

proton distribution between t2 and t3 shows the signature of pitch angle scattering, and the scattering occurs
about |v‖| ∼ 0.5vA (due to the symmetry of the system), which is roughly consistent with the estimated |v‖res|.
The period between t3 and t4 is somewhat interesting because the magnetic field energy after saturation
has remained relatively unchanged. Figures 2c and 2d show that the rates at which T‖r increases and T⟂r∕T‖r

decreases (red curves) suddenly change at t3, and Figure 3 (fourth row) shows that the maximum power of the
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Figure 6. Time evolution of the simulated field energies and particle temperatures for model 2. The figure format is the
same as Figure 2. Four selected times t1 –t4 marked here are at 40Ω−1

p , 80Ω−1
p , 150Ω−1

p , and 300Ω−1
p , respectively.

AC mode has migrated toward smaller kx (kx ≈ 0.6𝜆−1
p at t4). Figure 4 (fourth row) shows pronounced pitch

angle scattering of the ring protons which have already filled the region |v‖| ≳ vA initially devoid of protons
there. As a result, the original ring distribution has become nearly isotropic; the temperature anisotropy at
the end of the simulation run is T⟂∕T‖ ≈ 1.8. Assuming that the phase speed of the dominant AC mode has
changed little from t3 (since𝜔r decreases as well), the decrease of kx results in the increase of |v‖res|. Since the
strongest AC mode at t4 has kx𝜆p ≈ 0.6, the resonant speed is |v‖res| ≈ vA, roughly consistent with |v‖| ∼ vA

about which the scattering occurs as shown in Figure 4 (fourth row). From Figure 3 (fourth row), the IB modes
have been completely damped away by the time of t4.

3.2. Small Ring Speed (Model 2)
Figure 5 displays the linear instability results for proton model 2. Compared to the previous case, there are
several differences worth mentioning. First, the maximum growth rate of the AC instability (𝛾AC

m = 0.045Ωp)
is substantially reduced, which can be understood by the smaller ring proton anisotropy. On the other hand,
the AC instability can be unstable up to 𝜓 ≈ 70∘ (as opposed to 𝜓 ≈ 60∘ for model 1). Second, the IB modes
up to the 4th harmonic are stable at all propagation directions, related to the smaller ring speed [Horne et al.,
2000; Chen et al., 2010b]. Last, the range of𝜓 of the IB instability is substantially limited to quasi-perpendicular
propagation (𝜓 ≳ 70∘), and the most unstable IB mode (𝛾 IB

m = 0.16Ωp) that is the 6th harmonic (𝜔IB
r,m = 6Ωp)

propagates perpendicular to B0. However, there also exists the frequency continuum beyond the 8th har-
monic as 𝜓 decreases. Figure 5b shows line plots of 𝛾 versus 𝜔r for 𝜓= 0∘ and 90∘. Note that 𝛾AC

m is smaller by
a factor of 3 than that of model 1, while 𝛾 IB

m remains relatively unchanged.
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Figure 7. Four snapshots of simulated wave power spectra corresponding to t1 –t4 for model 2. The figure format is the
same as Figure 3. Here the white dashed contours delineate the linear growth rates of 𝛾 = 0.03Ωp and the solid
contours delineate 𝛾 = 0.09Ωp , and labels 5th and 6th denote the corresponding harmonic number of the IB modes.

Figure 6 displays time evolution of field energies and particle temperatures. The four time steps t1 –t4 marked
are 40Ω−1

p , 80Ω−1
p , 150Ω−1

p , and 300Ω−1
p , respectively. The time evolution of the field energies is roughly con-

sistent with that of model 1, but the saturation levels of electric and magnetic field energies are roughly an
order of magnitude smaller (for both the AC and IB instabilities). The quasi-electrostatic IB modes grow first
until t = 45Ω−1

p at which they saturate and start to decay. Unlike the model 1 case, these modes are predom-
inantly compressional (𝛿B2

x >𝛿B2
z ≫ 𝛿B2

y ), consistent with the more quasi-perpendicular propagation of the
growing IB modes [e.g., Gary et al., 2010, Figure 3]. Between t ≈ 60Ω−1

p and t ≈ 130Ω−1
p , strong electromag-

netic modes appear, which are the nonphysical low-frequency whistler mode noise also present in the case
of model 1. This mode here stands out more clearly due to the lower saturation level of the IB modes. From
then until t = 260Ω−1

p , the AC modes emerge and eventually saturate, and after that they gradually decay.

Figure 7 displays snapshots of the simulated wave power spectra at the four time steps. The dashed and solid
contours delineate the 𝛾 = 0.03Ωp level for the AC instability and the 𝛾 = 0.09Ωp level for the IB instability,
respectively. At time t1, the 5th and 6th harmonic modes appear distinctly with slightly smaller ky than pre-
dicted. The reason for this mismatch is that the simulation grid size along the y direction is not small enough
to well resolve these high ky modes. Nevertheless, the wave properties are generally consistent with the lin-
ear theory prediction. From then, it takes a while for the AC modes to emerge and finally saturate at t3 due
to the small growth rate. By this time, the IB modes are almost completely damped. Finally at t4 and possibly
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Figure 8. Four snapshots of the proton distribution fp corresponding to t1 –t4 for model 2. The figure format is the same
as Figure 4 except that fp on Figure 8 (left column) is in linear scale.

thereafter, the dominant AC mode migrates toward smaller kx as the ring proton distribution self-consistently
evolves.

Figure 8 displays snapshots of the proton distribution. Consistent with the model 1 case, the ring protons
lose energy through the predominant perpendicular velocity scattering by IB modes until t2 and, at the same
time, the background protons gain some perpendicular energy. From then until t3, the IB modes continue to
damp out while the AC modes have not yet grown up. The system is dominated by the nonphysical whistler
mode noise as discussed above. These whistler modes do not effectively resonate with protons. Accordingly,
the change in the proton distribution during this phase is negligible, as evidenced by the change plot at t3

in Figure 8. Between t3 and t4, AC modes grow above the whistler mode noise. The ring protons lose energy
through the pitch angle scattering as the cyclotron resonance with parallel propagating AC waves operates.
The predicted resonant speed for the most unstable AC mode is, using the parameters in Table 1, |v‖res| =
0.45vA. The resonant speed revealed by the change plot at t4 in Figure 8 appears to be close to this value. By
the time of t4, the ring protons have been substantially isotropized, but substantial ring protons still remain
near v‖ ≈ 0. This is different from the proton distribution of the model 1 case at the end of the simulation.
The reason is that the AC modes here have much smaller growth rates and the wave saturate level is also an
order of magnitude lower. Subsequently, a much longer time is needed for the proton distribution to be fully
isotropized.
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Figure 9. Linear growth rate 𝛾∕Ωp focused on the IB instability as a function of 𝜓 (∘) and k𝜆p for models (a) 3 and (b) 4.
Label AC denotes the AC instability extending to large 𝜓 .

4. Discussions

A notable difference between the IB instabilities of models 1 and 2 is the wave normal angle of the maximum
growing mode,𝜓 IB

m . The only difference of the two proton models discussed in the previous section is the ring
speed. Here we further examine the dependence of 𝜓 IB

m on the ring concentration nr∕ne. Figure 9a displays
the linear growth rate of the IB instability for nr∕ne = 0.01 and vr∕vA = 2 (model 3). In contrast to the model
1 case, the maximum growth rate (𝛾 IB

m = 0.049Ωp) appears at the 3rd harmonic and 𝜓 IB
m = 90∘. Interestingly

though, the growth rate pattern shown in Figure 9a is very consistent with that in Figure 1a, but apparently,
scaling of 𝛾 to nr∕ne is not uniform with respect to k and 𝜓 . The same linear instability analysis was carried
out for nr∕ne = 0.5 (model 5). As shown in Table 1, 𝜓 IB

m varies only slightly compared to the model 1 results.
Figure 9b displays the linear growth rate of the IB instability for nr∕ne = 0.5 and vr∕vA = 1 (model 4). Despite
the huge increase of nr∕ne, 𝜓 IB

m remains to be 90∘ (Table 1). However, a pronounced difference is the shift of
the unstable harmonics at𝜓 ∼ 90∘. For model 2, the lower harmonics were all stable, but with increased nr∕ne

for model 4 the lower harmonics now become unstable, while the higher harmonics become stable.

A counterintuitive result in the PIC simulations is the larger saturation level of the AC waves, despite their
smaller linear growth rate. A likely explanation is that there is more free energy available for the AC waves to
grow. Figure 10 displays line plots of the electromagnetic energy density of the simulated fluctuations (𝜀EB,
red) and the variation of the kinetic energy density of the ring protons from their initial kinetic energy density
(Δ𝜀r , black) for models (a) 1 and (b) 2. Apparently, the loss of the kinetic energy of the ring protons (Δ𝜀r < 0) is
associated with the gain of the electromagnetic wave energy (𝜀EB > 0), although |Δ𝜀r|>𝜀EB since the energy
gain of the background protons and electrons has not been accounted for. The two local peaks of 𝜀EB are
marked with the vertical lines at tIB and tAC in each plot, corresponding to the times at which the IB and AC
modes saturate, respectively. In both cases, the decrease of Δ𝜀r between tIB and tAC is much larger than that
between t0 and tIB (i.e., 𝜀r(tIB) − 𝜀r(tAC)>𝜀r(t0) − 𝜀r(tIB)). This difference is almost an order of magnitude for
model 2, which can explain 𝜀EB(tAC)∕𝜀EB(tIB) ≳ 10 in this model. Consequently, the AC waves gain more energy
and thereby saturate at a higher level than the IB modes.

In both cases presented, although the AC waves start to emerge after the IB waves have developed and
saturated, their properties are not much affected by the development of the IB waves. The initial growth of
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Figure 10. Time evolution of the energy density of the simulated electromagnetic fluctuations (𝜀EB = 𝜀E + 𝜀B, red) and
difference of the kinetic energy density of the ring protons from the initial kinetic energy (Δ𝜀r , black) for models (a) 1
and (b) 2. The energy density is normalized to B2

0∕8𝜋. Labels t1 and t2 mark the first and second local peaks of 𝜀EB,
respectively.

the AC modes occurs within the wave number range predicted by linear theory based on the initial proton
distribution. As described in the previous section as well as shown in Figures 2 and 6, the scattering of the
ring protons by the IB waves predominantly occur in the perpendicular velocity component which does not
lead to substantial changes in T‖r and T⟂r . Accordingly, the AC waves developed next do not differ signifi-
cantly from the linear theory prediction based on the initial proton distribution. However, it is clear that as
the proton distribution further evolves, the enhanced AC waves gradually migrate toward longer wavelength
(Figures 3 and 7).

The present study has implications on the proton ring-like velocity distributions associated with the fast mag-
netosonic waves observed in the inner magnetosphere. As suggested by the results, if these proton velocity
distributions are very anisotropic ring distributions like our model distributions, EMIC waves will dominate
the observed waves in situ and fast magnetosonic waves will be, if detected at all, weaker. In contrast, if
these ring-like proton velocity distributions are nearly isotropic and close to shell velocity distributions [e.g.,
Gary et al., 2010; Liu et al., 2011a; Min and Liu, 2015a], the Alfvén-cyclotron instability becomes stable and
EMIC waves will not grow to a sufficient level. Since fast magnetosonic waves and EMIC waves are often
observed separately in the inner magnetosphere, the distributions responsible for the fast magnetosonic
waves observed should be more isotropic partial-shell distributions instead of the ring distributions used.

Another result worth mentioning is the harmonic-dependent evolution of the IB modes; as shown in
Figure 3 the IB modes of smaller k (or equivalently smaller 𝜔r) last longer. To better understand this
harmonic-dependent evolution, Figure 11 (top) displays the frequency-time spectrogram of the simulated
electric field fluctuations for model 1, sampled at a single point in space, equivalent to a frequency-time spec-
trogram from a single satellite (more precisely, several such spectrograms at multiple points were averaged to
minimize the background noise). A Hanning window of length t = 40Ω−1

p moving in steps of Ω−1
p was applied

to each component of 𝛿E. Figure 11 (bottom) displays vertical slices of the spectrogram at t = 35Ω−1
p , 55Ω−1

p ,
and 75Ω−1

p . Clearly, the timescale of the high-frequency modes is shorter than that of the low-frequency
modes. Considering that satellites would more likely measure the lingering field fluctuations, chances are that
the linear growth rate of the IB instability shown in Figure 1b would not reflect actual wave amplitude per se.
On the other hand, our simulations are concerned with the evolution of fields and particles in a closed system
given an initially prescribed proton ring distribution, as opposed to the realistic situation in which protons
of the ring distribution can be continuously injected into the system [cf. Denton et al., 1993; Liu et al., 2012].
In such a case, correlation between the linear growth rate and the corresponding amplitude of fast magne-
tosonic waves may be good, and several observations have indeed shown cases of good agreement [e.g.,
Balikhin et al., 2015].

It has been shown that the thermal and suprathermal electrons can interact with ion Bernstein or fast mag-
netosonic waves through Landau resonance [Horne et al., 2000, 2007; Gary et al., 2011a]. However, the rapid
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Figure 11. (top) Frequency-time spectrogram and (bottom) frequency spectrum of the simulated electric field
fluctuations for model 1. The three curves in Figure 11 (bottom) are vertical slices of Figure 11 (top) at t = 35Ω−1

p , 55Ω−1
p ,

and 75Ω−1
p , respectively.

parallel electron heating observed in the PIC simulations (Figures 2 and 6) does not appear to be caused by
the IB modes at quasi-perpendicular propagation. For example, in model 1, the Landau resonant speed of the
most unstable IB mode (from Table 1) is 𝜔IB

r,m∕(k
IB‖m) = 9.7∕(7.06 cos 74°) ≈ 5vA. This is much higher than the

thermal speed of the background electrons (𝜃e ≈ 0.45vA). We initially used 250 simulation particles per cell,
and component/species in the simulations and the electron heating appeared. Subsequently, we increased
the number of the simulation particles by a factor of 10 because we suspected that the thermal noise due to
the small number of simulation particles might have caused the anomalous electron heating. Interestingly,
while the simulation results remain very consistent with the runs using less simulation particles, the significant
parallel electron heating still persists (not shown). It is still unclear what exactly causes the electron heating.
We should, on the other hand, emphasize that the main simulation results presented are not much affected
by this anomalous electron heating.

5. Summary

In this study, the properties of the Alfvén-cyclotron (AC) and ion Bernstein (IB) instabilities driven by a pro-
ton ring velocity distribution have been studied using linear kinetic dispersion theory and two-dimensional
electromagnetic PIC simulations. For systematic analyses, a simplified two-component proton velocity dis-
tribution consisting of a 10% ring distribution and a 90% thermal background is assumed for the proton
distribution. Two cases with ring speeds vr∕vA =1 and 2 have been examined. The primary results are
summarized as follows.

1. For both cases, the maximum growth rate 𝛾m of the IB instability is larger than that of the AC instability.
Furthermore, 𝛾m of the AC instability is sensitive to vr (due to T⟂∕T‖ ∝ v2

r ), while 𝛾m of the IB instability is
not. The most unstable AC mode propagates parallel to B0 independent of the ring concentrations nr∕ne

considered here, but the most unstable IB mode can exhibit a transition of the wave normal angle away
from 90∘ with increasing nr∕ne.

2. The corresponding two-dimensional PIC simulations confirm the linear theory results for the growth rates
of both the AC and IB instabilities. The IB modes develop and saturate first, and the growth and saturation of
the AC modes follow later with strong electromagnetic fluctuations. However, in both cases, the saturation
level of the AC modes is larger than that of the IB modes, despite the larger growth rate of the latter modes.

3. The simulations also reveal two distinct types of ring proton scattering, namely, perpendicular velocity scat-
tering associated with the IB instability and pitch angle scattering associated with the AC instability. Close
examination of the ring proton distribution reveals that the perpendicular velocity scattering results in pro-
ton transport toward both smaller and, at a lesser extent, larger perpendicular velocity without causing
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substantial change of either the parallel temperature or the temperature anisotropy of the ring protons.
Furthermore, free energy resulting from the pitch angle scattering is larger than that resulting from the
perpendicular velocity scattering, thereby leading to larger saturation level of the AC modes.
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