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We have recently extended the electron propagator theory to the treatment of any type of particle
using an Any-Particle Molecular Orbital (APMO) wavefunction as reference state. This approach,
called APMO/PT, has been implemented in the LOWDIN code to calculate correlated binding ener-
gies, for any type of particle in molecular systems. In this work, we present the application of the
APMO/PT approach to study proton detachment processes. We employed this method to calculate
proton binding energies and proton affinities for a set of inorganic and organic molecules. Our results
reveal that the second-order proton propagator (APMO/PP2) quantitatively reproduces experimental
trends with an average deviation of less than 0.41 eV. We also estimated proton affinities with an
average deviation of 0.14 eV and the proton hydration free energy using APMO/PP2 with a resulting
value of −270.2 kcal/mol, in agreement with other results reported in the literature. Results presented
in this work suggest that the APMO/PP2 approach is a promising tool for studying proton acid/base
properties. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4805030]

I. INTRODUCTION

Electronic structure methods based on electron propaga-
tor theory (EPT) are nowadays well established for the ac-
curate computation of electron binding energies (EBEs) in
molecular systems.1–17 One of the most appealing features of
the EPT is that only one calculation needs to be performed
to obtain a detailed description of ionization phenomena of
molecular systems. In addition, EPT calculations are more
computationally efficient than other post-Hartree-Fock meth-
ods of comparable accuracy.

Recently, we developed a generalized Any-Particle
Molecular Orbital Propagator method (APMO/PT) to study
several quantum species using an Any-Particle Molecular Or-
bital Hartree-Fock (APMO/HF) wavefunction as a reference
state.18 This reference state has been previously employed to
simultaneously study electronic and nuclear wavefunctions as
well as systems comprising exotic particles19–31 and propaga-
tors methods has been applied to study positronic–electronic
systems.32 Recently, the APMO/PT approach has been em-
ployed to study hydrogen nuclear quantum effects (NQEs) on
the electronic ionization energies of prototypical molecular
systems.18

A natural next step along the lines of this research is
to explore the applicability of the generalized propagator
method to study detachment processes of other particles such
as protons. To that aim in this work we calculate proton bind-
ing energies (PBEs), proton affinities (PAs), and proton sol-
vation energies. An accurate and efficient determination of
these quantities is of utmost importance in studies concern-

a)Electronic mail: areyesv@unal.edu.co
b)Electronic mail: roberto.floresm@red.cucei.udg.mx

ing molecular processes such as acid-base and tautomeric re-
arrangement reactions, proton transfer, and hydrogen bonding
phenomena.

An outline of this paper is as follows: In Sec. II we sum-
marize the APMO/HF approach and the second-order proton
propagator theory (APMO/PP2). In Sec. III we provide infor-
mation on how the calculations are performed. In Sec. IV we
report APMO/HF and APMO/PP2 calculations of PBEs, PAs,
the proton hydration free energy and comparisons with exper-
imental data. In Sec. V we summarize and provide concluding
remarks.

II. THEORY

In this section we summarize the generalized any particle
propagator theory18 and explain how it is employed to calcu-
late proton binding energies of molecular systems.

A. APMO/HF theory

The molecular Hamiltonian, HTOT, includes contributions
from NQ quantum species (α, β, γ , . . . ) and classical particles
(NC), such that
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NQ∑
α
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where i (I, . . . ) stands for the particle index of species α

(β, . . . ), Qα (Qβ , . . . ) is the charge of a particle of the type
α (β, . . . ), Nα (Nβ , . . . ) is the number of particles belonging
to species α (β, . . . ) and Qp is the charge of a classical parti-
cle. At the APMO/HF level, the molecular wavefunction, �0,
is approximated as a product of single-configurational wave-
functions, �α , for different types of quantum species:

�0 =
NQ∏
α

�α. (2)

Each �α is represented in terms of molecular orbitals (MO),
ψα

i . These ψα
i are obtained by solving the equations

f α(i)ψα
i = εα

i ψα
i , ∀i, α. (3)

Each f α(i) is an effective one-particle Fock operator for quan-
tum species α written as

f α(i) = hα(i) + Qα
2

Nα∑
j

[
J α

j ∓ Kα
j

] + Qα

NQ∑
β �=α

Nβ∑
I

QβJ
β

I .

(4)

In the above equation hα(i) is the one-particle core Hamilto-
nian,

hα(i) = − ∇2
i

2Mα

+
NC∑
p

QpQα

rip

(5)

and Jα and Kα are Coulomb and exchange operators defined
as

J α
j (1)ψα

i (1) =
[∫

dr2ψ
α∗
j (2)
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r12
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j (2)

]
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i (1), (6)
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1

r12
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i (2)

]
ψα

j (1). (7)

The sign preceding the exchange operator in Eq. (4) is chosen
depending on the bosonic (positive) or fermionic (negative)
nature of the α particles. In previous studies it has been ob-
served that the exchange integrals between individual nuclei
are always negligible and as a result they are neglected in our
numerical treatment.18, 22

B. APMO propagator theory

Here we summarize the derivation of the APMO
propagator theory (APMO/PT). More details are found in
Ref. 18. For a system comprising NQ fermionic species {α,
β,. . . } the spectral representation of a pq element of one-α-
particle Green function is given by

Gα
pq(ωα) =

∑
m

〈�(Nα,Nβ, . . .)|ap|�m(Nα + 1, Nβ, . . .)〉〈�m(Nα + 1, Nβ, . . .)|a†
q |�(Nα,Nβ, . . .)〉

ωα − Em(Nα + 1, Nβ, . . .) + E0(Nα,Nβ, . . .)

+
∑

n

〈�(Nα,Nβ, . . .)|a†
q |�n(Nα − 1, Nβ, . . .)〉〈�n(Nα − 1, Nβ, . . .)|ap|�(Nα,Nβ, . . .)〉
ωα − En(Nα − 1, Nβ, . . .) + E0(Nα,Nβ, . . .)

. (8)

Here |�n(Nα − 1, Nβ , . . . )〉 (|�n〉 in the rest of the text) stands
for the exact wavefunction for a state n containing Nα − 1,
Nβ , . . . particles of each species and En(Nα − 1, Nβ , . . . ) is
its corresponding energy. On the other hand |�m(Nα + 1, Nβ ,
. . . )〉 (|�m〉 in the rest of the text) stands for the exact wave-
function for a state m containing Nα + 1, Nβ , . . . particles of
each species and Em(Nα + 1, Nβ , . . . ) is its corresponding en-
ergy. The parameter ωα has energy units. It can be inferred
that the poles of Eq. (8) correspond to exact binding energies
for particles of the species α.

If the APMO/HF reference state |�0〉 is employed, |�〉
can be expanded as

|�〉 = N−1/2

{
1 +

NQ∑
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∑
i,a∈α

κa
i a†

aai

+
NQ∑
α
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∑
i,a

I,A

κaA
iI a†

a a
†
A aI ai + . . .

}
|�0〉, (9)

where N is a normalization constant and |�0〉 is the
APMO/HF wavefunction, as defined in Eq. (2); where i, j,
. . . (a, b, . . . ) stand for occupied (virtual) orbitals of α par-
ticles and I, J, . . . (A, B, . . . ) stand for occupied (virtual)
orbitals of β particles and so on. The correlation coeffi-
cients, κ , are obtained from Rayleigh–Schrödinger perturba-
tion theory.24, 30, 33, 34 Following Pickup and Goscinski3 now
we introduce the superoperator metric, defined as

(A|B) = 〈�|[A†, B]+|�〉, (10)

where A and B are two arbitrary operators (i.e., linear combi-
nations of products of fermion-like creation or annihilation
operators). The identity and Hamiltonian superoperators, Î

and Ĥ , can be defined as

ÎA = A, (11)

ĤA = [A,HT OT ]− = AHT OT − HT OT A, (12)
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where the Hamiltonian, HTOT, is the APMO Hamiltonian in
its second quantized form:

HT OT =
NQ∑
α

(
Hα

0 + V α
1 + V α

2

)
(13)

with
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Here, εα
p is the pth orbital energy for species α and λα and λβ

include the effects of signs and charges of species α and β.
Employing the above definitions, it is possible to express the
α propagator matrix as

Gα(ωα) = (aα|(ωαÎ − Ĥ )−1aα), (17)

where aα contains all the single annihilation operators,
{aα

i , aα
a }.

By applying Löwdin’s inner projection technique35 with
an appropriate superoperator space hα ,18 the inversion of the
super-operator resolvent in Eq. (17) is avoided and only one
matrix inversion is needed,

Gα(ωα) = (aα|hα)(hα|(ωαÎ − Ĥ )hα)−1(hα|aα). (18)

The super-operator space, hα , is defined in such a way that it
changes the number of α particles by one, while conserving
the number of particles of the other species:

hα = {aα} ∪ {
fα3

} ∪ {
fα5

} ∪ . . .

hα = {aα} ∪ {
fααα
3 , fβαβ

3 , fγαγ

3 . . .
} ∪ {

fα5
} ∪ . . . (19)

hα = {aa, ai} ∪ {a†
i aaab, a

†
aaiaj , a

†
I aaaA, a

†
AaiaI , a

†
aia�,

a
†
�aaa, . . .} ∪ {

fα5
} ∪ . . . .

The projection space, hα , can be partitioned for conve-
nience into primary, aα† = {aα†

a , a
α†
i } and complementary, fα ,

spaces. The latter space contains operators associated to ion-
izations of an α particle coupled to excitations of any type of
particle in the system. Using this partition, the propagator ma-
trix can be rearranged and subsequently transformed into the
expression

Gα−1
(ωα) = (aα|(ωαÎ − Ĥ )aα) − (aα|Ĥ fα)

× (fα|(ωαÎ − Ĥ )fα)−1(fα|Ĥaα), (20)

which can also be presented as a Dyson-like equation1

Gα−1
(ωα) = Gα−1

0 (ωα) − �α(ωα) (21)

with

Gα
0 (ωα)pq = δpq

ωα − εα
p

. (22)

The self-energy matrix for the α-type particle, �α(ωα), is de-
fined by Eq. (21). Note that if an untruncated manifold is in-
cluded in fα , the poles of the propagator correspond to the
exact one-particle binding energies. In order to arrive at a def-
inite approximation for the self-energy, the perturbative ex-
pansion (Eq. (9)) and the operator space (Eq. (19)) must be
truncated. The one α particle propagators at second and third
order can be obtained by truncating fα to fα3 (Eq. (19)).

A commonly used approximation neglects the off-
diagonal elements of the self-energy matrix.1 This is known
as the diagonal approximation,

ωα
p = εα

p + �α
pp

(
ωα

p

)
, (23)

where εα
p is the pth canonical orbital energy for the species

α. Relaxation and correlation corrections to Koopmans’ the-
orem results, εα

p , reside in the energy dependent self-energy
term �α(2)

pp (ωα
p). The latter term can be decomposed into in-

traspecies and interspecies contributions:

�α
pp(ωα) = �α,α

pp (ωα) +
NQ∑
β �=α

�α,β
pp

(
ωα

)
. (24)

Although the diagonal approximation usually works well
in the electronic structure applications of electron propagator
theory, it is not clear yet if it will work well for the proton
propagator.

C. Second-order quasiparticle self-energy for protons

In a system comprised quantum protons and electrons,
corresponding to α and β types, respectively, the second order
self-energy terms for a protonic orbital P, takes the following
forms:

�
α,α(2)
PP (ωP ) =

∑
A,I>J∈α

|〈PA||IJ 〉|2
ωP + εA − εI − εJ

+
∑

I,A>B∈α

|〈PI ||AB〉|2
ωP + εI − εA − εB

, (25)

�
α,β(2)
PP (ωP ) =

∑
I∈α

∑
a,i∈β

|〈Pa|I i〉|2
ωP + εa − εI − εi

+
∑
A∈α

∑
i,a∈β

|〈P i|Aa〉|2
ωP + εi − εA − εa

, (26)

where I, J, . . . (A, B, . . . ) stand for occupied (virtual) orbitals
of protons (α) and i, j, . . . (a, b, . . . ) stand for occupied (vir-
tual) orbitals of electrons (β). Equations (25) and (26) are the
working expressions for the calculation of PBEs, as correc-
tions to the Koopmans-like results.

III. COMPUTATIONAL DETAILS

PBE calculations were performed with the APMO/PP2
method recently implemented in the LOWDIN software
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package.18, 36 Atomic four-index integrals were calculated us-
ing the LIBINT package.37 A modified version of the four-
index transformation scheme proposed by Yamamoto and
Nagashima38 was employed to transform four-index inte-
grals from the atomic to the molecular orbital basis. In all
APMO/PP2 calculations, all hydrogen nuclei were treated
quantum mechanically, while other nuclei were treated as
classical particles. In these calculations the nuclear basis set
centers were chosen to coincide with those of hydrogen nuclei
in previous electronic structure optimization calculations.

In Subsection IV A, we compare experimental and
theoretical APMO/HF and APMO/PP2 values of PBEs.
APMO/HF and APMO/PP2 calculations were performed at
the experimental geometries39 with the aug-cc-pVTZ40 elec-
tronic and 7s7p21 nuclear basis sets using the LOWDIN pro-
gram.

In Subsection IV B, we report calculated PBEs for a set of
organic molecules and compare them with reported PAs. The
PA of molecule A was calculated by optimizing the molecu-
lar structure with an extra hydrogen atom, HA+, employing
the VWN41 functional and the 6-311++G(2d,2p)42–45 elec-
tronic basis set and the GEN-A2∗46, 47 auxiliary basis set. Op-
timizations were performed using the deMon2k48 software
package. APMO/PP2 calculations were performed with the
6-311G42, 43 electronic and DZSPDN23 nuclear basis sets us-
ing the LOWDIN program. The lowest PBE value for each
molecule was reported and compared with the experimental
PA.

In Subsection IV C, we study the solvation of a proton in
water. Structures of the type (H2O)nH+, with n = 1–7 were
modeled. A stochastic algorithm was employed to explore the
potential energy surface of these clusters and generate several
cluster candidate structures. Candidate structures underwent
further optimization with the PW9149 density functional em-
ploying the 6-31++G∗∗50, 51 orbital basis set and the GEN-
A2∗46, 47 auxiliary basis set, using the deMon2k48 software.

In Subsection IV D, we estimate the proton hydration free
energy. Total energies and PBEs of (H2O)nH+ were calcu-
lated with APMO/HF and APMO/PP2 methods, respectively,
employing 6-311G42, 43 electronic and DZSPDN nuclear ba-
sis set,23 using the LOWDIN program.36 After choosing the
lowest PBE for each structure, the solvation energy of the

proton was calculated as a Boltzmann average of all isomeric
structures.52, 53

IV. RESULTS FOR PROTON PROPAGATOR
CALCULATIONS

A. Calculation of proton binding energies

We calculated the PBEs for a set of small A-X (X = H, D)
molecules at the APMO/HF and APMO/PP2 levels of theory
and compared them with experimental values determined via
Threshold Ion-Pair Production Spectroscopy (TIPPS).54–59

Results summarized in Table I reveal that propagator correc-
tions are very large. For instance, we observe average devia-
tions of 8.10 and 0.42 eV at the APMO/HF and APMO/PP2
levels, respectively. To reveal the nature of this correction, we
decomposed the self-energy term (Eq. (24)) into pair-removal
correlation (PRM), pair-relaxation (PRX), and orbital relax-
ation (ORX), by following the procedure proposed by Pickup
and Goscinski.3, 60 For the inter-particle term we have

�p+,e−(2)
pp (ωP ) = PRM + PRX + ORX

=
∑
A

∑
i,a

|〈P i|Aa〉|2
ωP + εi − εA − εa

+
∑
I �=P

∑
a,i

|〈Pa|I i〉|2
ωP + εa − εI − εi

+
∑
a,i

|〈Pa|P i〉|2
ωP + εa − εP − εi

. (27)

The PRM and PRX terms are related to proton-electron cor-
relation, while the ORX term is related to electron relaxation
after proton release. For all the A-X systems considered in
Table I, the PRX term becomes zero because there is only one
occupied proton orbital and the intraspecies terms are zero
because there is only one hydrogen nucleus present in each
molecule.

For each of the molecular systems presented in Table I
the magnitude of the ORX term is at least 50 times that of
the PRM term. These results allow us to conclude that prop-
erly accounting for the relaxation of the electronic density is

TABLE I. Comparison between experimental and predicted PBEs calculated with APMO/HF and APMO/PP2 methods and decomposition analysis for
�

α,β(2)
PP (ωα

P ) (in eV) for a set of small molecules. Electronic aug-cc-pVTZ40 and protonic 7s7p21 basis sets were used.

�SCF �
p+,e−(2)
PP

Molecule Expt.a KTc Value RXL PP2b PRM ORX Total

DF 16.1347 23.3426 15.8203 − 7.5223 15.8705 0.1004 − 7.5725 − 7.4721
HF 16.0630 22.7339 15.5148 − 7.2191 15.6708 0.1529 − 7.2161 − 7.0632
HCN 15.1563 23.6996 14.2678 − 9.4318 14.8340 0.1566 − 9.0222 − 8.8656
DCl 14.4729 23.8216 13.7753 − 10.0463 13.9819 0.0950 − 9.9347 − 9.8397
HCl 14.4178 23.1572 13.4825 − 9.6747 13.7764 0.1488 − 9.5295 − 9.3808
|�|d 8.1020 0.6768 0.4222

aDetermined by TIPPS technique (Refs. 58, 59, and 62).
bAPMO/PP2 calculations.
cKoopmans (APMO/HF) values.
d|�|: Average deviation from experiment.
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FIG. 1. Comparison between experimental and predicted isotope shifts
in PBEs for HCl and HF molecules (in eV), employing APMO/HF and
APMO/PP2 methods. Electronic aug-cc-pVTZ and protonic DZSPDN basis
sets were used.

crucial for determining accurate PBEs. APMO/HF approach
does not offer a quantitative description of the proton removal
because Koopmans’ approximation lacks relaxation effects.
On the other hand, the APMO/PP2 approach recovers enough
relaxation to provide an improved estimation of PBEs. This
analysis shows that the proton ionization process keeps some
characteristics of the ionization of internal electrons, where it
is well known that relaxation effects are predominant.

Table I also includes PBEs calculated by the �SCF
procedure61 to estimate the relaxation effects at the
APMO/HF level (RXL). Comparison of the ORX and RXL
terms reveals that their magnitudes are similar, suggesting
that most of the relaxation effects come from relaxation at
the APMO/HF level.1, 3

Another key feature of the APMO propagator theory is
that it takes into account the mass effects of nuclei, thereby al-
lowing the calculation of isotope effects on PBEs. Experimen-
tal data presented in Table I reveal that deuterated molecules
present larger PBEs than their protonated counterparts.
Figure 1 compares the magnitudes of the isotopic shifts on
PBEs for HF and HCl molecules as calculated by APMO/HF
and APMO/PP2 approaches. It shows that the APMO/PP2 ap-
proach provides better predictions of isotope shifts than the
APMO/HF approach, although isotope shifts are still overes-
timated by a factor of 2-3.

B. Prediction of proton affinities

The proton affinity (PA) of a species A is an intrinsic
acidity measure. It is defined as the negative of the enthalpy
change of the gas-phase reaction:63

A + H+ → AH+ PA(A) = −�H = −�E(T ) + RT .

(28)

Here R is the universal gas constant, T is the absolute tem-
perature, and �E is the energy difference between the AH+

and the molecule A. In the case of a nonlinear polyatomic
molecules, �E can be approximated as

�E(T ) = �Erot (T ) + �Etrans(T ) + �Evib(T ) + �Eele.

(29)

In an ideal gas approximation, �Etrans(T ) = − 3
2RT , on

the other hand �Erot(T) becomes negligible due to64

�Erot,AH+ (T ) ≈ �Erot,A(T ) and �Erot,H+ (T ) = 0. After
these considerations, the PA expression becomes

PA = −�Eele − �Evib + 5

2
RT . (30)

In APMO proton propagator calculations, PBEs account
for changes due to proton release. In our calculations elec-
trons and hydrogen nuclei are treated quantum mechanically,
consequently, PBEs include �Eele and part of �Evib

65 (re-
laxation of quantum hydrogen atoms). The contributions to
�Evib(T ) associated to the motion of classical nuclei is as-
sumed to be close to zero, i.e., �Evib,A(T ) ≈ �Evib,HA+ (T ).
Proton affinities for standard conditions of temperature and
pressure (298.15 K and 1 bar) are approximated as

PA ≈ PBE(AH+) + 0.064 eV, (31)

where PBE(AH+) is the proton binding energy of the species
AH+.

In Table II we contrast the calculated PAs using APMO
methods (employing Eq. (31)) and experimental values66–70

for a set of inorganic and organic molecules. The reported
PAs are associated to the proton with the lowest PBE, high-
lighted with green circles in Figures 2–5. We observe in
Table II that the total average deviation from experiment for
APMO/PP2 is 0.14 eV (3.23 kcal/mol), which is one order
of magnitude smaller than the average deviation with the
APMO/HF method. Table II also shows partial average devia-
tions calculated for molecules with the same functional group.
We observe that predictions with the APMO/PP2 method for
amines and carboxylic acids are in excellent agreement with
experiment, with average deviations of 0.02 (0.46) and 0.12
(2.77) eV (kcal/mol). Figures 2 and 3 compare observed ex-
perimental trends for PAs associated to the homologous se-
ries of amines and carboxylic acids with those calculated
with APMO methods. We observe that both APMO/HF and
APMO/PP2 reproduce the decreasing trend in the acidity of
the ammonium ions (associated to to the increasing trend in

FIG. 2. Proton affinities for primary amines (in kcal/mol), calculated at
APMO/HF and APMO/PP2 levels. Electronic 6-311G and protonic DZSPDN
basis sets were used.
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TABLE II. Comparison between experimental and predicted proton affini-
ties (in eV) using APMO/HF and APMO/PP2 methods (Eq. (31)) for a set of
organic and inorganic molecules. Electronic 6-311G and protonic DZSPDN
basis sets were employed.a

Proton affinity

Molecule Expt.b KTc P2d

Amines
NH3 8.85 16.68 8.79
CH3NH2 9.32 17. 54 9.31
CH3CH2NH2 9.45 17.83 9.48
CH3CH2CH2NH2 9.51 17.89 9.51
(CH3)2NH 9.63 18.21 9.64
(CH3)3N 9.84 18.68 9.82
|�|e 8.37 0.02

Aromatic
C6H5NH2 9.15 17.78 9.31
C6H5COO− 14.75 22.97 15.07
C6H5O− 15.24 23.70 15.53
|�|e 8.44 0.26

Inorganic
HS− 15.31 24.24 14.82
CN− 15.31 23.60 14.80
NO−

2 14.75 22.72 14.77
|�|e 8.40 0.34

Carboxylic acids
HCOO− 14.97 22.66 14.86
CH3COO− 15.11 23.04 15.22
CH3CH2COO− 15.07 23.04 15.17
CH3(CH2)2COO− 15.03 23.09 15.23
CH3(CH2)3COO− 15.01 23.09 15.24
CH2FCOO− 14.71 22.41 14.65
CHF2COO− 14.32 21.92 14.19
CF3COO− 13.99 21.54 13.85
ClCH2COO− 14.58 22.43 14.63
Cl(CH2)2COO− 14.78 22.53 14.68
CH3COCOO− 14.46 22.40 14.60
|�|e 7.83 0.12

|�|e Total 8.12 0.14

aGeometries optimized at VWN/6-311++G(2d,2p) level. Regular electronic structure
calculation.
bReferences 66–70.
cAPMO/HF proton affinities.
dAPMO/PP2 proton affinities.
e|�|: Average absolute difference.

basicity of amines) and the decreasing trend in the acidity of
carboxylic acids. However, only APMO/PP2 produces quan-
titatively accurate results.

For aromatic and inorganic molecules we observe larger
deviations. This can be attributed to large nuclear relaxation
effects that are not completely recovered at the APMO/PP2
level. Therefore, higher order proton propagators are required
for more accurate calculations of the PAs of these systems.
Work is in progress in our laboratories to implement third
order methods.

Despite the observed limitations, APMO/PP2 calcula-
tions are capable of providing reliable predictions of PAs,
reproducing chemical trends in acidity. For instance, in
Figures 4 and 5 we present calculated PAs for series of sub-
stituted organic compounds. We observe in Figure 4 how

FIG. 3. Proton affinities for terminal carboxylic acids (in kcal/mol), calcu-
lated at APMO/HF and APMO/PP2 level. Electronic 6-311G and protonic
DZSPDN basis sets were used.

APMO/PP2 calculations properly predict differences in acid-
ity between primary, secondary, and ternary amine ions. In-
ductive effects in acetic acid are also well described, as shown
in Figure 5.

C. Analysis of protonated water structure
employing PBEs

A PBE, when defined as a measure of the energy required
to extract a selected proton from a molecule, can be employed
to analyze the propensity of a proton to be released. This fea-
ture is exploited here to study of proton hydration.

To that aim, we calculated total energies and PBEs for
a set of protonated water clusters, (H2O)nH+, employing the
APMO/HF and APMO/PP2 approaches. Geometries for clus-
ters containing n = 2–7 water molecules were generated by
employing a stochastic search algorithm. A total of 10, 20,

FIG. 4. Proton affinities for substituted amines (in kcal/mol), calculated at
APMO/PP2 level. Electronic 6-311G and protonic DZSPDN basis sets were
used.
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FIG. 5. Proton affinities for substituted cloro-acetic acids (in kcal/mol), cal-
culated at APMO/PP2 level. Electronic 6-311G and protonic DZSPDN basis
sets were used.

11, 26, 16, and 18 structures were generated for n = 2–7,
respectively. Additional geometries, reported by Hodges and
Stone71 were also considered in this analysis. Details are
given in Sec. III.

Of all possible geometries generated for each n, we an-
alyzed only those presenting the Lowest Total Energy (LTE)
and the Lowest Proton Binding Energy (LPBE). LTE struc-
tures are of special importance because they are expected to
resemble the most stable geometrical configuration of a hy-
drated proton in solution whereas LPBE structures are related
to geometrical configurations where protons can be more eas-
ily donated. The geometries of LTE and LPBE are shown in
Table III.

We observe that the LTE and LPBE structures for
n = 1 are the same. Structures for n = 2, 3 are very sim-
ilar, presenting only small variations in dihedral angles be-
tween water molecules. For n = 4 the LTE structure is the
H9O+

4 eigencation, where the H3O+ cation is linked to three
water molecules through single hydrogen bonds. This struc-
ture has been already identified as the most likely solvation
structure for the hydrated proton.72 In contrast, the LPBE
structure presents a four-member ring comprising an H3O+

cation and three water molecules, one of them linked to the
other two through a two-donor one acceptor hydrogen bond.
Similar ring configurations have been observed in pure water
clusters.73–75

At this stage large differences in the distribution of PBEs
are observed. As shown in Table IV, for structures with
n = 4, differences in PBEs between all the protons of the
LTE structures do not exceed 1.2 kcal/mol. These results in-
dicate that in the case of the H9O+

4 eigencation, protons are
already equivalent. This effect can be associated to “proton
resonances” observed in molecular dynamics simulations.72

In contrast, differences in the PBEs for the LPBE structures
reach up to 16.4 kcal/mol and protons are consequently not
equivalent. Protons associated to the double acceptor water
molecule present the smallest PBEs for n ≥ 4, as shown in
Table III. This finding indicates that proton detachment on

TABLE III. Protonated water clusters with the Lowest Total Energy (LTE)
and the Lowest Proton Binding Energy (LPBE) for n = 1–7. Protons with the
lowest PBEs are highlighted with green circles.

na LTEb LPBEc

aNumber of water molecules.
bStructure with the lowest total energy.
cStructure with the lowest proton binding energy.

the LPBE structure produces a hydroxyl anion, that eventu-
ally leads to a ring structure where a H3O+ and OH− coexist.

For n > 4, LTE structures present a H9O+
4 eigenca-

tion surrounded by water molecules forming single hydrogen
bonds. For n = 7, protons in the water molecules attached to
the H9O+

4 cation have the smallest PBEs and are expected to
be more reactive. For n > 4, LPBE structures maintain the
features of the LPBE with n = 4, exhibiting ring structures
composed by a H3O+ cation and water molecules. As for
n = 4, the ring comprises a double hydrogen-bond acceptor
water molecule that has the protons with the smallest PBE.

Table IV also shows differences in total energies (DTE)
and differences in lowest PBEs (DPBE) between LTE and
LPBE structures, revealing that DTE are always smaller than
DPBE for n > 2. This fact suggests that although LTE and
LPBE structures have similar total energies and can coexist in
gas phase and even in liquid water, the LPBE configurations
are considerably more reactive towards proton transfer than
LTE structures.

In summary, the study of PBEs and total energies of
protonated water clusters allows us to conclude that protons
with the largest susceptibility to be released, present in LPBE
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TABLE IV. Lowest and highest proton binding energies (PBEs) calculated
for protonated water clusters with the Lowest Total Energy (LTE) and the
Lowest Proton Binding Energy (LPBE) for n = 1–7. Differences in total en-
ergies and lowest PBEs between LTE and LPBE structures are also included.
The APMO/PP2 method, with electronic 6-311G and protonic DZSPDN ba-
sis sets, was used. All values in kcal/mol.

LTEb LPBEc

na LPBEf HPBEg LPBEf HPBEg DTEd DPBEe

1 156.1 156.1 156.1 156.1 0.00 0.00
2 205.4 220.2 204.8 219.8 0.30 0.68
3 246.0 256.9 242.9 256.0 0.67 3.02
4 274.4 275.6 252.3 268.7 4.53 22.06
5 284.2 300.5 262.1 289.9 2.96 22.10
6 289.9 318.6 261.6 312.0 5.49 28.30
7 280.1 298.0 267.6 324.1 8.91 12.46

aNumber of water molecules.
bStructure with the lowest total energy.
cStructure with the lowest proton binding energy.
dDifference in total energy between LTE and LPBE structures.
eDifference in lowest PBE between LTE and LPBE structures.
fLowest proton binding energy in the structure.
gHighest proton binding energy in the structure.

structures, are not those belonging to H3O+ but those in dou-
ble hydrogen-bond acceptor water molecules. We also point
out that even when LTE and LPBE structures have similar
total energies, they have different reactivities towards proton
donation.

D. Estimation of proton hydration free energy

The proton hydration free energy, �Ghyd(H+) is required
for calculating acidity constants in water.76–80 Regular ap-
proaches for estimating �Ghyd(H+) usually involve taking the
limit of the difference between free energies of neutral and
protonated n-water clusters as n increases.64, 80, 81

Alternatively, we propose to utilize our propagator ap-
proach to estimate proton hydration energies by considering
the PBEs calculated for the set of protonated water clusters of
Sec. IV C. The proton hydration process can be associated to
the following reaction:

H+
(gas) → H+

(aq). (32)

As a first step, this process can be approximated by the
reaction:

H+
(gas) + (H2O)n → H(H2O)+n . (33)

Enthalpies of Eq. (33) are calculated using Eqs. (28) and
(31). The entropy change is obtained using this equation:

�S = SH(H2O)+n − S(H2O)n − SH+
(gas)

, (34)

where �S includes the entropy contribution of the free pro-
ton, S(H+), and the difference in entropy of the structures,
SH(H2O)+n − S(H2O)n . Calculation of the proton entropy change
using the Sakur-Tetrode equation64, 76, 82 yields the entropy
factor, T SH+

(gas)
= 7.76 kcal/mol at standard conditions of

temperature and pressure (STD). Assuming that SH(H2O)+n
− S(H2O)n is negligible, the change in entropy and the change

TABLE V. Thermodynamic properties: �E, �H, T�S, and �G (in
kcal/mol) calculated for protonated water clusters n = 1–7 employing the
APMO/PP2 method. Electronic 6-311G and protonic DZSPDN basis sets
were used.

na Nb PBEc �E �H T�S �G

1 1 156.1 − 157.0 − 157.6 − 7.76 − 149.8
2 10 205.0 − 205.9 − 206.5 − 7.76 − 198.7
3 20 243.9 − 244.8 − 245.4 − 7.76 − 237.6
4 11 256.7 − 257.6 − 258.2 − 7.76 − 250.4
5 26 258.9 − 259.8 − 260.4 − 7.76 − 252.6
6 18 266.7 − 267.6 − 268.2 − 7.76 − 260.4
7 20 276.5 − 277.4 − 278.0 − 7.76 − 270.2

aNumber of water molecules in cluster.
bNumber of structures found.
cAPMO/PP2 results.

in free energy can be approximated as

T �S = −7.76 kcal/mol, (35)

�G = �H − T �S, (36)

�G ≈ PBE − 5

2
RT − (−7.76 kcal/mol), (37)

�G ≈ PBE + 6.28 kcal/mol. (38)

Average �Es were calculated using Boltzmann factors
that are based on the total energies of the cation and neu-
tral clusters. The Boltzmann-weighted average energy of the
cationic cluster is subtracted from its neutral counterpart to
produce PBEs for a given n.

Thermodynamic properties calculated at the APMO/PP2
level using the previous equations are presented in Table V.
Values of �G as a function of n are shown in Figure 6; results
at APMO/HF level were also included for comparison.

FIG. 6. Proton solvation energy free energies (in kcal/mol) calculated for
protonated water clusters, �G, as a function of n, employing the APMO/PP2
method. Electronic 6-311G and protonic DZSPDN basis sets were used. Val-
ues quoted in literature64, 80, 81, 83, 84 are included for comparison.
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An analysis of our results reveals that trends in �G calcu-
lated at APMO/HF and APMO/PP2 level are similar, decreas-
ing as n increases and presenting a smooth slope for n > 3.
However, only the APMO/PP2 approach reproduces quantita-
tively proton hydration free energies, as evidenced by values
of �G for n = 6 − 7 (−260.4 kcal/mol and −270.2 kcal/mol,
respectively). These estimations are in excellent agreement
with experimental and calculated proton hydration energies
quoted in literature.64, 79–81, 83, 84

We suggest that a faster convergence on �G with respect
to n could be achieved by including long-range solvent ef-
fects, as shown by other authors.64, 80, 81 Nevertheless, the re-
sults presented here demonstrate that the proton propagator is
a promising tool for predicting acid/base properties such as
the proton hydration free energy.

V. CONCLUSIONS

The recently proposed generalized any-particle propaga-
tor theory in its second order diagonal approximation has been
utilized to calculate proton binding energies, proton affinities,
and proton solvation energies. The results presented above
show that electronic relaxation after proton detachment plays
a central role in the energetics of the process. The results
presented so far allow us to conclude that the proton propa-
gator can be a useful tool for calculating and understanding
acid/base chemistry. The accuracy of the APMO/PP2 method
can be improved by including higher-order terms in the self-
energy that are generated by improved any-particle reference
states.85, 86 Future work will also be devoted to the estimation
of pKa values and the description of proton transfer processes.
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