
1.  Introduction
Electromagnetic ion cyclotron (EMIC) waves are a commonly observed plasma waves in the Earth's inner mag-
netosphere (Anderson et al., 1990; Thorne, 2010; Young et al., 1981), which are excited by anisotropic energetic 
protons through the cyclotron instability (Davidson & Ogden, 1975; Gary & Lee, 1994; Yue et al., 2019). These 
anisotropic protons are originated either from a substorm injection or solar wind compression (Chen et al., 2020). 
Numerous observational and theoretical works have associated EMIC waves with the scattering and precipita-
tion of relativistic electrons, and implied that EMIC waves could be a main contributor of relativistic electron 
loss in the radiation belt (e.g., Chen et al., 2016; Denton et al., 2019; Li et al., 2007; Ni et al., 2015; Omura & 
Zhao, 2012; Thorne & Kennel, 1971; Zhang et al., 2016). Moreover, EMIC waves can also lead to the heating of 
thermal ions, especially heavy ion species, via bi-ion resonance or resonance with harmonic of gyrofrequency 
(Fuselier & Anderson, 1996; Ma et al., 2019; Thorne & Horne, 1994).

EMIC waves excited by the ion temperature anisotropy in a homogeneous plasma usually propagate along the 
background magnetic field, and have a left-handed polarization. However, satellite observations have indicated 
that the EMIC waves in the radiation belt usually have a linear polarization (Anderson et al., 1992; Fraser, 1985; 
Young et  al.,  1981). Recently, statistical works conducted by Chen et  al.,  2019, Allen et  al.,  2015 and Min 
et al., 2012 have shown that EMIC waves tend to have a negative ellipticity of about −0.3 near the equator, but 
have a near zero ellipticity at higher latitudes. This implies that EMIC waves turn from a left-handed polarization 
to a linear polarization as they propagate to high latitudes. Along with the increased ellipticity, the wave normal 
angle (WNA) increases, which is as small as several degrees near the equator but up to 60° at high latitudes.

There have been several proposals to explain the linear polarization of EMIC waves in the radiation belt. It 
could be a propagation effect, as a direct result of waves turning oblique (Denton et al., 1992) or crossover ef-
fect when there are heavier ions (André, 1985; Smith and Brice, 1964). Certain plasma condition in the source 
region, for example, loss cone distribution of hot ions (Denton et al., 1992) or high beta multi-ion plasma (Re-
mya et al., 2017), can excite oblique EMIC waves with linear or even right-handed polarization. Also, when the 
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observed EMIC waves are a superposition of two or more left-handed waves, it could also “look like” a linearly 
or even right-handed polarized waves (Denton et al., 1996). However, which one works in a real radiation belt is 
still unknown.

Kinetic simulation provides a powerful tool to examine these theories. Two-dimensional hybrid simulations of 
EMIC waves excited by the ion temperature anisotropy have been fulfilled in a dipole magnetic field (Den-
ton, 2018; Denton et al., 2014; Hu & Denton, 2009; Hu et al., 2010; Omidi et al., 2011). Hu and Denton (2009), 
and Hu et al. (2010) found that EMIC waves firstly grow in the equator region, and they have small WNA and 
near left-handed polarization. These waves propagate along the magnetic field line toward higher latitudes, and 
become linearly polarized with a larger WNA. By analyzing the transverse components of EMIC waves in a 
dipole magnetic field, Omidi et al. (2011) found that one transverse component vanished and the waves become 
compressible when the waves propagate toward higher latitudes, and they conclude that the polarization of the 
waves change from the left-handed polarization to the linear polarization. Denton (2018) compared the simulated 
dispersion relation with the linear theory, and found that the waves turn linearly polarized when approaching the 
crossover frequency. However, the WNA of EMIC waves has not been quantitatively calculated in these works, 
and then an accurate diagnosis of ellipticity compared with theoretical ellipticity is impossible. In this work, we 
try to accurately quantify the characteristics of EMIC waves, and compare the ellipticity with theory, thus deter-
mining the effect that is responsible for the polarization change.

In this paper, we employ a 2D general curvilinear particle-in-cell (gcPIC)-hybrid simulation code to study the 
propagation of EMIC waves excited by the proton temperature anisotropy in a dipole magnetic field. We tract 
down the behavior of a single wave packet along its path toward higher latitudes. The peak frequency of the packet 
(the wave mode with the maximum amplitude) is found to decrease as propagating to higher latitudes. We propose 
a novel method called Wave Front Shape Identification (WFSI) for WNA diagnosis in 2D simulation, which aids 
us in accurate measurement the WNA of the wave packet. With the accurate diagnosis of wave frequency, WNA 
and background plasma conditions, the ellipticity can then be calculated using the linear theory, which shows 
excellent agreement with the diagnosed ellipticity, thus demonstrating that linearly polarized EMIC waves can be 
caused when they propagate toward high latitudes and the wave normal angle (WNA) become sufficiently large.

2.  Simulation Model
In this paper, we employ gcPIC code to investigate the propagation of EMIC waves in a dipole magnetic field. 
gcPIC is a software package based on kinetic simulations, which is developed in the general curvilinear coordi-
nate system (Lu et al., 2019). gcPIC-hybrid is the hybrid simulation code in gcPIC package. In the hybrid simu-
lation model, electrons are treated as a massless fluid, while ions are considered as particles.

The 2-D gcPIC-hybrid code uses a dipole magnetic field as the background magnetic field B0. To accommodate 
this geometry, the code uses a modified dipole coordinates system, which is based on the standard 2-D dipole 
coordinate

𝜇𝜇 = −sin 𝜆𝜆
𝑟𝑟2

,� (1)

𝜒𝜒 = cos2 𝜆𝜆
𝑟𝑟

,� (2)

where 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴 are the distance to the Earth's center and latitude, respectively. The modified 2-D dipole coordinates 
(�, � ) are defined as

𝑝𝑝 = 1
𝜒𝜒

= 𝐿𝐿𝐿� (3)

aq3 + bq = 𝜇𝜇𝜇� (4)

in which 𝐴𝐴 𝐴𝐴 is the equatorial distance to the center of the Earth of the field line which passes through a given 
location. We set the constants � = 4∕�2

0, � = 1∕�2
0 , where 𝐴𝐴 𝐴𝐴0 is the 𝐴𝐴 𝐴𝐴 value at the center of the simulation region. 

Here, (�, � ) forms a set of orthogonal coordinates. A constant 𝐴𝐴 𝐴𝐴 describes a single magnetic field line, and a  
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higher 𝐴𝐴 𝐴𝐴 represents the higher latitude. Such a modified dipole coordinate system has already been successfully 
used in our gcPIC simulation code to study the excitation of chorus waves in the inner magnetosphere.

In this simulation, we have three particle species: cold electrons, cold isotropic protons and hot anisotropic protons. 
At the center of simulation region, the total electron density 𝐴𝐴 𝐴𝐴𝑒𝑒0 , parallel temperature of hot protons 𝐴𝐴 𝐴𝐴𝑝𝑝0‖ , and mag-
netic field 𝐴𝐴 𝐴𝐴0 satisfy 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝0∕Ω𝑒𝑒0 = 2.225 and 𝐴𝐴 𝐴𝐴𝐴𝐴0∕𝑉𝑉𝑝𝑝𝑝𝑝0|| = 3.21 , where 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝0 =

√

𝑛𝑛𝑒𝑒0𝑒𝑒2∕𝑚𝑚𝑒𝑒𝜀𝜀0 is the plasma frequency, 
𝐴𝐴 Ω𝑒𝑒0 = 𝑒𝑒𝑒𝑒0∕𝑚𝑚𝑒𝑒 is the electron gyrofrequency, 𝐴𝐴 𝐴𝐴𝐴𝐴0 = 𝐵𝐵0∕

√

𝜇𝜇0𝑚𝑚𝑝𝑝𝑛𝑛𝑒𝑒0 is the Alfven speed, and 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝0|| =
√

𝑇𝑇𝑝𝑝0||∕𝑚𝑚𝑝𝑝 is 
the parallel thermal velocity of hot protons (all these values are calculated at the center of simulation region), 
��, ��, �, and 𝐴𝐴 𝐴𝐴0 are electron and proton mass, elementary charge and dielectric constant and permeability in  
vacuum. The simulation region is defined by 622.5��0 < � < 933.7��0,−1.5 < � < 1.5 , where 𝐴𝐴 𝐴𝐴𝑖𝑖0 = 𝑉𝑉𝑝𝑝𝑝𝑝0||∕Ω𝑝𝑝0 is 
the proton gyroradius. Setting the corresponding realistic value of ��0 = 3��−3, ��0‖ = 10���  and 𝐴𝐴 𝐴𝐴0 = 249.6𝑛𝑛𝑛𝑛  , 

𝐴𝐴 𝐴𝐴𝑖𝑖0 corresponds to a realistic value of 𝐴𝐴 40.94𝑘𝑘𝑘𝑘 . This leads to an L shell of about 𝐴𝐴 4𝑅𝑅𝐸𝐸 < 𝐿𝐿 𝐿 6𝑅𝑅𝐸𝐸 , and the latitude 
spread is about 𝐴𝐴 − 40◦ ∼ 40◦ , as shown in Figure 1. We use a grid of 𝐴𝐴 𝐴𝐴𝑝𝑝 × 𝑛𝑛𝑞𝑞 = 256 × 1024 , and each grid has 500 
ion superparticles. The boundary condition for fields is the conductive condition, while the condition for parti-
cles is the reflection condition. In addition, there is another “damping” boundary condition for particles which is 
discussed in details in (Hu & Denton, 2009). The time step is set to be 𝐴𝐴 Δ𝑡𝑡 = 0.01Ω−1

𝑝𝑝0 .

The cold protons are spatially uniformly loaded. The temperature of cold electrons and protons are set to be 
𝐴𝐴 0.0001𝑇𝑇𝑝𝑝0‖ , and on the equator the hot protons have an anisotropy 𝐴𝐴 𝐴𝐴eq =

𝑇𝑇𝑝𝑝0⟂
𝑇𝑇𝑝𝑝0‖

− 1 = 9 , where 𝐴𝐴 𝐴𝐴𝑝𝑝0⟂ is the perpen-
dicular temperature of hot protons on the equator. On the equator hot proton makes up 10% of the total protons. 
Away from equator the temperature and density of hot protons are set up according to the parallel force balance 
using the same method described in detail (Lu et al., 2019). The cold electron density is calculated by assuming 
the plasma to be neutral. The resulted density and temperature anisotropy profile of hot protons are shown in 
Figure 1.

3.  Simulation Results and Analysis
3.1.  Wave Fields and Wave Packets

Figure 2 shows the evolution of azimuthal component of fluctuated magnetic field. EMIC waves grow from 
random noises at the equatorial source region (LAT within 𝐴𝐴 10◦ ), and form clear wave fronts starting at about 

𝐴𝐴 𝐴𝐴 = 100Ω−1
𝑝𝑝0 . The waves then propagate toward higher latitudes, meanwhile becoming oblique.

From the evolution of wave fields, we can see that the waves do not form a continuous, wide-spread wave fields, 
but quickly split into several discrete wave packets after being generated at the equatorial region. These individual 
wave packets are spatially separated from each other and propagate independently. To see these wave packets 
more clearly, we calculate the Poynting flux of the wave fields as shown in Figure 3. Red color means propagating 
northward, and blue color means propagating southward. We then can recognize an isolated red or blue region 
as a wave packet. In fact, we can even trace the trajectory of one wave packet, which is denoted by “WP” in the 
figure. The black solid line in Figure 3 is the trajectory of the largest wave packet. We can then analyze the wave 
properties of this wave packet along its path in detail.

Figure 4a shows the time evolution of the magnetic field 𝐴𝐴 𝐴𝐴𝜙𝜙 at the black dot marked by the notation “A” in Fig-
ure 3b (� = 5.205��, � = 0.457�� ). Because the wave packet “WP” reaches this location at 𝐴𝐴 Ω𝑝𝑝0𝑡𝑡 ≈ 110 , we can 
find obvious waveform from that time. The wave packet passes through the location “A” at 𝐴𝐴 Ω𝑝𝑝0𝑡𝑡 ≈ 180 . Therefore, 
we can know the wave frequency after Fourier transforming the magnetic field 𝐴𝐴 𝐴𝐴𝜙𝜙 from 𝐴𝐴 Ω𝑝𝑝0𝑡𝑡 ≈ 110 to 180. The 
wave spectrum is shown in Figure 4b, and the peak frequency (the wave mode with the maximum amplitude) is 

𝐴𝐴 𝐴𝐴 ≈ 0.546Ω𝑝𝑝0 .

Using this method, we can analyze the wave packet frequency along its path. The result is shown in Figure 5. We 
see that the frequency of wave packet continuously decreases as wave packet propagating to higher latitudes. This 
is because the wave packet is not monochromic but consists of a band of frequency components (as seen from 
the spectrum in Figure 4b), and different wave modes have different growth/damping rate at different locations 
along or near the trajectory of the wave packet. In general, a higher anisotropy tends to have a larger growth rate at 
higher frequency, and from the simulation we can know that the hot proton anisotropy decreases with latitude (see 
Figure 1b). Therefore, as the wave packet propagates away from the equator where the anisotropy is the largest, 
the initial high frequency components get damped or get overcome by newly grown lower frequency components 
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Figure 1.  Initial setup of hot proton species. (a) spatial distribution of hot proton density 𝐴𝐴 𝐴𝐴ph ; (b) spatial distribution of hot 
proton anisotropy 𝐴𝐴 𝐴𝐴ph =

𝑇𝑇ph⟂

𝑇𝑇ph‖
− 1 .
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propagating to the packet's location. The overall effect is then the peak of wave spectrum continuously drifts 
toward lower frequency. It is not simply a propagation effect, but rather a propagation-induced generation effect. 
The phenomenon of wave frequency decreasing due to decreasing anisotropy is also reported in previous 1D sim-
ulation of EMIC waves (Guo, 2016) and chorus waves (Chen et al., 2017, 2021). The difference is that in these 1D 
simulations the anisotropy decreases temporally due to free energy consumption, but in our work the anisotropy 
decreases mainly spatially due to wave packet propagation.

3.2.  Wave Normal Angle (WNA)

We propose a novel method, called Wave Front Shape Identification (WFSI), to perform WNA calculation, 
which makes full use of the following two advantages in the 2D simulation: (a) a 2D simulation guarantees that 
the wave vector has no azimuthal component, that is, the wave vector must lie within the simulation plane; (b) 
unlike in situ observation, we have the knowledge of global distribution of wave fields in the simulation. The idea 
of this method is that when waves are nearly plane waves, the wave fronts are straight lines and the wave normal 
is perpendicular to the wave fronts. We then fit a straight line from the spatial distribution of wave amplitude to 

Figure 2.  Temporal evolution of the azimuthal component 𝐴𝐴 𝐴𝐴𝜙𝜙 of the EMIC waves. The inner field line corresponds to L = 4, while the outer field line corresponds to 
L = 6. The interval between field lines 𝐴𝐴 Δ𝐿𝐿 = 0.5 . The latitude between radial dashed lines is 𝐴𝐴 10◦ .
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represent the shape of a wave front, and find the wave vector parallel to the normal of the fitted line. This method 
is explained in details as follows.

Figure 6a shows the wave fields of the wave packet at 𝐴𝐴 𝐴𝐴Ω𝑝𝑝0 = 140 . Firstly, we extract all grid points that make up 
a single wave front, for example, the second wave front from top to bottom in Figure 6a, which has a positive am-
plitude. In practical term, this is done by manually selecting a zonal region which completely contains the given 
wave front, for example, the region between the two gray lines in Figure 6a, and we can find all grid points within 
that region that have positive amplitudes. Secondly, to reduce the impact of the irregular shape of the wave front 
boundary, we identify the grid point that has the maximum amplitude ��,max , and discard the grid points whose 
amplitude is lower than ��,max∕2 . The remaining grid points are marked by black dots in Figure 6a and colored 
dots in Figure 6b. Finally, we use the coordinates of these grid points (��, ��) to fit a straight line 𝐴𝐴 𝐴𝐴 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏  
using the least square method, which should then represent the shape of the wave front. To better reflect the 
shape of wave front, we use the ratio ��,�∕��,max as a weight when conducting the fitting, where ��,� is the wave 
amplitude at 𝐴𝐴 𝐴𝐴 th grid point. The weight of each grid points is marked by the color of dots in Figure 6b. In that 
way, the fitted line would more likely to pass through the region with a larger amplitude, thus better represent the 

Figure 3.  Temporal evolution of Poynting flux and trajectory of a wave packet. The dashed lines and texts are the same with Figure 2. The black solid line marks the 
trajectory of the wave packet.
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shape of wave front. The fitted line is shown by the black solid line in both Figures 6a and 6b, which indeed well 
represents the shape and orientation of the wave front.

In 2D simulation the wave vector must lie within the simulation plane, the wave vector can be determined from 
the slope of the fitted line that represents the shape of wave front:

𝒌̂𝒌 = 𝒙̂𝒙 𝑎𝑎
√

1 + 𝑎𝑎2
− 𝒛̂𝒛 1

√

1 + 𝑎𝑎2
,� (5)

where 𝐴𝐴 𝐴𝐴 is the slope of the fitted line. To further reduce the error, we can fit multiple wave fronts (for example, in 

Figure 6 two wave fronts are fitted), and insert the average slope 𝐴𝐴 𝐴𝐴𝐴 = 1
𝑁𝑁

𝑁𝑁
∑

𝑖𝑖=1
𝑎𝑎𝑖𝑖 into Equation 1 to calculate the wave 

vector. Combined with the direction of local magnetic field we can then calculate the WNA of wave packet at the 
given location. Applying this WFSI method we obtain the WNA evolution of the wave, as shown in Figure 7. We 
see that the WNA increases as the wave packet propagates to higher latitude.

Figure 4.  (a) Temporal evolution of 𝐴𝐴 𝐴𝐴𝜙𝜙 at location � = 5.205��, � = 0.457�� . The red star marks the time 𝐴𝐴 𝐴𝐴 = 140Ω−1
𝑝𝑝0 at which the wave packet pass through the 

location, and the two black dashed lines marks the time interval during which the wave packet propagates through this point; (b) wave spectrum of the wave packet in 
(a). The spectrum peaks at 𝐴𝐴 𝐴𝐴 = 0.5567Ω𝑝𝑝0 .
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Figure 5.  Evolution of frequency of the wave packet. The first line of x axis label is the time 𝐴𝐴 𝐴𝐴Ω𝑝𝑝0 , and the second line of x axis label is the latitude (LAT) of the wave 
packet.

Figure 6.  Illustration of the linear fitting method for WNA diagnosis. (a) The pattern of wave fields. The two gray lines marks a zonal region which contain one 
complete wave front, the black dots are the grid points that make up a wave fronts, and the black solid lines are the fitted lines that represent the shape of the wave 
fronts; (b) The selected grid points. The color of point represents the weight of this point when conducting the fitting. The black solid lines are the fitted lines that 
represent the shape of the wave fronts.
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3.3.  Polarization

After we know the WNA of the wave packet based on the WFSI method, we can plot the hodogram of its per-
pendicular components 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ in the wave frame, as shown in Figure 8a. The ellipticity 𝐴𝐴 𝐴𝐴 is defined as the ratio of 
the major and minor axes:

Figure 7.  The evolution of wave normal angle of the wave packet with the same x axis labels as Figure 5.

Figure 8.  (a) illustration of the elliptically polarized 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ components. The blue plane is the simulation plane, and the red plane is the plane perpendicular to local 
background magnetic field 𝐴𝐴 𝑩𝑩0 . y’ axis is perpendicular to simulation plane, and x’ axis is perpendicular to 𝐴𝐴 𝑩𝑩0 while lies in the simulation plane; (b) hodogram of 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ at 

𝐴𝐴 𝐴𝐴 = 5.205𝑅𝑅𝐸𝐸, 𝑦𝑦 = 0.457𝑅𝑅𝐸𝐸 during 𝐴𝐴 128.5Ω−1
𝑝𝑝 < 𝑡𝑡 𝑡 151.5Ω−1

𝑝𝑝  . The black circle marks the start point of the hodogram, and the blue and red lines mark the direction of 
minor and major axes, respectively. The direction of background magnetic field is out of page.
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𝜖𝜖 = 𝐵𝐵min

𝐵𝐵maj
,� (6)

where 𝐴𝐴 𝐴𝐴maj and 𝐴𝐴 𝐴𝐴min are the major and minor axes shown in Figure 8a. Assuming that 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ has a frequency 𝐴𝐴 𝐴𝐴 and 
an initial phase 𝐴𝐴 𝐴𝐴 , then 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ can be written as

��⟂ = �̂′�maj cos(�� + �) + �̂′�min sin(�� + �),� (7)

where the direction 𝐴𝐴 𝒙̂𝒙′ and 𝐴𝐴 𝒚𝒚′ are indicated in Figure 8a. We define a matrix 𝐴𝐴 𝑴𝑴 as

� = ∫

�

0
��⟂��⟂�� = ∫

2�
�

0

⎛

⎜

⎜

⎜

⎜

⎝

���′���′ ���′���′

���′���′ ���′���′

⎞

⎟

⎟

⎟

⎟

⎠

��,
�

(8)

where 𝐴𝐴 𝐴𝐴 = 2𝜋𝜋
𝜔𝜔

 is the period of waves. Using Equation 3, we have

𝑴𝑴 = �
�

⎛

⎜

⎜

⎝

�2
maj cos2 � + �2

min sin2 � (�2
maj − �2

min) cos � sin �

(�2
maj − �2

min) cos � sin � �2
maj cos2 � + �2

min sin2 �

⎞

⎟

⎟

⎠

,� (9)

which can be diagonalized to find two eigenvalues

𝜆𝜆1 =
𝜋𝜋𝜋𝜋2

maj

𝜔𝜔
, 𝜆𝜆2 =

𝜋𝜋𝜋𝜋2
min

𝜔𝜔
, 𝜆𝜆1 ≥ 𝜆𝜆2,� (10)

with their eigenvectors being the major and minor axes, respectively. Therefore, we can obtain the ellipticity by

𝜖𝜖 =
√

𝜆𝜆2

𝜆𝜆1
.� (11)

We use the algorithm described above to calculate the ellipticity of wave packet at a given location, for example, 
at (� = 5.205��, � = 0.457�� ), the location of wave packet at 𝐴𝐴 𝐴𝐴0 = 140Ω−1

𝑝𝑝0 . We extract the waveform of the 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ 
at this location during the interval 𝐴𝐴 𝐴𝐴0 − 2𝜋𝜋

𝜔𝜔
< 𝑡𝑡𝑡𝑡𝑡  0 + 2𝜋𝜋

𝜔𝜔
 , where 𝐴𝐴 𝐴𝐴 = 0.546Ω𝑝𝑝0 is the frequency obtained in Sec-

tion 3.2. The hodogram of 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ during this period is shown in Figure 8b. The black circle marks the starting point 
of the hodogram. Along the direction of background magnetic field (marked in Figure 8b), we can see that the 
rotation direction of 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ is left-handed using the right-hand rule. The overall shape of this hodogram is indeed 
an ellipse. Applying the method described above we find the ellipticity is about −0.43, and the major and minor 
axes are marked as the blue and red lines, respectively.

Using the methods described above we find the evolution of ellipticity along the path of the wave packet as shown 
by the blue line in Figure 9. The ellipticity increases from about −0.75 to nearly 0, which indicates the polariza-
tion of wave packet turns from a left-handed polarization to a linear polarization. We also notice that the evolution 
of ellipticity and WNA is correlated to each other because they show very similar tendency, which indicates the 
polarization change here is due to waves turning oblique.

To verify this hypothesis, we compare the ellipticity calculated based on wave data obtained in the simulation 
with the ellipticity calculated based on the linear theory (theoretical ellipticity). We use the linear dispersion 
solver PDRK (Xie & Xiao, 2016) to calculate the theoretical ellipticity. Determining the theoretical ellipticity 
requires the knowledge of: (a) the shape of dispersion surface; (b) the location of wave packet on the dispersion 
surface. Calculating the dispersion relation requires the local plasma condition (density and temperature of each 
species and local magnetic field), which is also available from the simulation. We specify the location of wave 
packet on the dispersion surface by specifying wave frequency and WNA, which are calculated in Sections 3.1 
and 3.2, respectively.

The simulated and theoretical ellipticity is shown in Figure 9. We see that the simulated ellipticities coincide with 
the theoretical ones very well. This reveals that the polarization change of EMIC wave packet is solely due to the 
propagation effect that EMIC waves turn oblique when propagating toward high latitudes.
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4.  Discussion
One main reason why we do not use the conventional MVA method (e.g., Sonnerup & Cahill, 1967; Means, 1972; 
Santolik et al., 2003) to find the WNA is that the evolution of waves in our simulation is much too quick. Either 
by working on time domain like Sonnerup and Cahill (1967) or working on frequency domain like Means (1972) 
or Santolik et al. (2003), correctly analyzing the direction of wave vector requires a sufficiently long and stable 
duration of waves. This is even more fatal if one chooses to work on frequency domain because a reliable FFT 
with sufficient resolution puts strict limits on the length of time window (e.g., to achieve a resolution of 1/10 of 
the wave frequency 𝐴𝐴 𝐴𝐴 , a time window at least 𝐴𝐴 2𝜋𝜋∕0.1𝜔𝜔 = 10𝑇𝑇  , 𝐴𝐴 𝐴𝐴  is the period of wave). In comparison to the ex-
ample in Figure 4a, the wave amplitude changes dramatically within just three periods. Therefore, MVA method 
leads to obviously incorrect wave vector direction in our simulation data analysis: it gives wave vectors that have 
comparable 𝐴𝐴 𝐴𝐴′ and 𝐴𝐴 𝐴𝐴′ components (�′, �′ directions are illustrated in Figure 8a), where the 𝐴𝐴 𝐴𝐴′ component should 
not exist at all due to the 2D nature of the simulation.

In contrast, our novel WFSI method ensures a very accurate WNA as long as the wave packet can be well approx-
imated by plane waves (so that the wave front would be a straight line and the wave vector would be perpendic-
ular to the wave front). The WFSI method does not require any operation on the time domain, so it is applicable 
even when waves evolve too fast. The WFSI method is especially suitable for 2D simulations where the spatial 
distribution of electromagnetic fields is available, and its philosophy can be easily extended to 3D simulations. 
The WFSI method also have potential application in laboratory plasma experiments because in laboratory ex-
periments it is also possible to obtain the spatial distribution of wave fields. Such application is very appealing 
because waves in laboratory experiments usually encounter the same situation as we do: waves evolve too fast, 
and wave duration is short, therefore the MVA method should also leads to great errors. After we know the WNAs 
of the excited EMIC waves, the ellipticity is easy to be determined by plotting the hodogram of the perpendicular 
components 𝐴𝐴 𝐴𝐴𝑩𝑩⟂ in the wave frame (e.g., Anderson et al., 1996).

Figure 9.  Comparison of simulated and theoretical ellipticity. The blue line is the simulated ellipticity, and the red line is the theoretical ellipticity. The x axis labels are 
the same as Figure 5.
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Previous works on EMIC wave simulation in a dipole field have reported the phenomenon that EMIC waves turn 
oblique and turn to linear polarization as they propagate toward higher latitudes. However, although many of 
them suggest that turning oblique could be the cause of turning to a linear polarization, none of them check that 
the values of WNA matches theoretically with the values of ellipticity, and none of them rule out other potential 
factors that could cause the polarization change. In one word, none of them gives strict proof for the causality 
between EMIC waves' turning oblique and turning to linear polarization, but merely give a suggestion.

In our work, we exclude the crossover effect because we introduce no heavier ion species. We use a bi-Maxwelli-
an distribution for EMIC wave generation, and the initial plasma 𝐴𝐴 𝐴𝐴 ≈ 0.3 is also small, therefore we also exclude 
the generation effects, and we indeed observe that the EMIC waves generated near the equator are left-handed 
polarized. Moreover, the single wave packet we trace does not cross any other wave packets, so there is no su-
perposition effect. Finally, we qualitatively compare the simulated ellipticities with the theoretical ellipticities 
corresponding to the simulated WNA, and find good agreement between them. Therefore, we conclude that the 
propagation effect of waves turning oblique agree with the linear polarization of the EMIC waves qualitatively, 
and this is the only effect that plays a role in the polarization change in our electron-proton plasma model.

5.  Conclusions
Using a 2D hybrid code we simulate the propagation of an EMIC wave packet. Multiple discrete wave packets 
are generated from the equatorial region, which are excited by the proton temperature anisotropy. We trace one of 
the wave packets and analyze its spectrum, WNA and polarization evolution along its trajectory. We find that in 
contrast with the general belief that the frequency of waves is a constant, the peak frequency of the wave packet 
decreases when the waves propagate toward higher latitudes. The decrease of the peak frequency of the packet 
is generated because the different wave modes has different growth and damping behavior, and when the packet 
propagates to high latitudes the amplitude of the lower frequency modes exceeds that of the higher frequency 
modes. We also reproduce the phenomena that waves become more and more oblique as waves propagate to high 
latitudes, with that the polarization of EMIC waves change from left-handed polarized to linearly polarized. By 
comparing the ellipticity calculated directly from wave field data (simulated ellipticity) with the ellipticity cal-
culated from linear theory (theoretical ellipticity), we confirm that in a plasma whose only ion species is proton, 
the polarization change is solely due to the propagation effect that waves become oblique while propagating to 
high latitude.

Data Availability Statement
Our data can be accessed from https://dx.doi.org/10.12176/01.99.00701. The source code we use to realize the 
WFSI method can be accessed from https://dx.doi.org/10.12176/01.99.01544.
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