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Abstract. Recent analysis of an event observed by the Van Allen Probes

in the source region outside the plasmapause has shown that fast magnetosonic

waves (also referred to as equatorial noise) propagate preferentially in the

azimuthal direction, implying that wave amplification should occur during

azimuthal propagation. To demonstrate this, we carry out 2D particle-in-cell

simulations of the fast magnetosonic mode at the dipole magnetic equator

with the simulation box size, the magnetic field inhomogeneity, and the plasma

parameters chosen from the same event recently analyzed. The self-consistently

evolving electric and magnetic field fluctuations are characterized by spec-

tral peaks at harmonics of the local proton cyclotron frequency. The azimuthal

component of the electric field fluctuations is larger than the radial compo-

nent, indicating wave propagation mainly along the azimuthal direction. Be-

cause the simulation box is within the source region, this also implies wave

amplification mainly during azimuthal propagation. The excellent agreement

between the wave polarization properties of the present simulations and the
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recently reported observations is clear evidence that the main wave ampli-

fication occurs during azimuthal propagation in the source region.
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1. Introduction

Fast magnetosonic waves (also known as equatorial noise) are one of the frequently ob-

served electromagnetic emissions in the inner magnetosphere [Santoĺık et al., 2004; Němec

et al., 2005; Meredith et al., 2008; Ma et al., 2013; Tsurutani et al., 2014; Hrbáčková

et al., 2015; Posch et al., 2015; Boardsen et al., 2016]. They play an important role in the

dynamics of energetic ring current ions and radiation belt electrons [Horne et al., 2007;

Bortnik and Thorne, 2010; Chen et al., 2015; Li et al., 2015]. The “fast magnetosonic”

label originated from phenomenological observations in which the dispersion properties of

the observed electric and magnetic field fluctuations were well described by the high fre-

quency (above the proton cyclotron frequency) extension of the fast magnetosonic branch,

or the whistler branch, at propagation quasi-perpendicular to the background magnetic

field, B0, in cold electron-proton plasmas [e.g., Perraut et al., 1982; Laakso et al., 1990;

Boardsen et al., 1992]. This means that for a single linear mode, the longitudinal compo-

nent of the electric field fluctuations is much stronger than the transverse component and

hence the major axis of the electric field polarization ellipsoid is closely aligned with the

wave normal direction and the group velocity direction [e.g., Boardsen et al., 1992, 2016;

Santoĺık et al., 2002].

Němec et al. [2013] used this fact to derive the preferential propagation direction of the

fast magnetosonic mode observed in the inner magnetosphere. They analyzed 10 years

of Cluster observations and showed statistically that azimuthal propagation is dominant

where the (total) plasma number density is low (n0 . 30 cm−3), as occurs outside the

plasmapause, but no preferential propagation direction is found where the density is high
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(n0 & 100 cm−3), as occurs inside the plasmapause. Recently, Boardsen et al. [2018] ana-

lyzed the burst mode captures of the electric and magnetic field fluctuations for the event

presented by Min et al. [2018a] to investigate the electric field polarization properties in

a region corresponding to the low densities of Němec et al. [2013]. They revealed that the

propagation direction is not only dominantly in the azimuthal direction but also biased

eastward. Since Min et al. [2018a] showed that the simultaneously observed partial shell

velocity distribution of energetic protons was responsible for the observed wave excitation,

the results of Boardsen et al. [2018] indicate that the wave amplification should preferen-

tially occur during azimuthal propagation in the source region. The preferential azimuthal

propagation can also be explained by trapping at the plasmapause density gradient [Kasa-

hara et al., 1994; Chen and Thorne, 2012], but the observations were made far away from

the plasmapause [Min et al., 2018a, Figure 2], thereby ruling out this possibility.

The only analysis of convective wave amplification of this mode [Horne et al., 2000;

Shklyar and Balikhin, 2017] was restricted to the meridional plane, but the preferential

amplification in the azimuthal direction may be theoretically understood [e.g., Boardsen

et al., 2014, 2016] as follows: The wave normal angle of the fast magnetosonic mode is close

to 90◦ and in that situation, this mode becomes unstable only in the vicinity of the local

proton cyclotron frequency [Gulelmi et al., 1975; Chen, 2015]. Therefore, propagation

in the azimuthal direction can keep the fast magnetosonic mode in resonance for a long

distance (provided that the azimuthal extent of the source region is sufficiently large).

That satellite observations often show electromagnetic fluctuations of this wave mode

exhibiting spectral peaks at harmonics of the local proton cyclotron frequency [Balikhin

et al., 2015; Min et al., 2018a] may be a strong support for this conjecture. The recent
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1D particle-in-cell (PIC) simulations of Min et al. [2018b] showed that the amplification

of the fast magnetosonic mode propagating radially in the dipole magnetic field is very

inefficient compared to the wave amplification in the uniform background magnetic field,

favoring the preferential amplification during azimuthal propagation. On the other hand,

an outward refraction of the magnetosonic mode in a nearly axis-symmetric medium [Chen

and Thorne, 2012] may prevent waves from staying in this optimal path. Also recently,

Chen et al. [2018] carried out first 2D PIC simulations of the fast magnetosonic mode in

a meridional plane with free energy localized near the center of the simulation domain.

Unlike the results of Min et al. [2018b] (where free energy was uniformly distributed),

their results appear to show dominant radial propagation of the magnetosonic mode with

very well organized electric and magnetic wave fields (most likely because the radial extent

of the source region in Chen et al. [2018] was only about half a dozen wave lengths long).

In support for the recent event study by Boardsen et al. [2018] and to provide an

explanation for the statistical findings by Němec et al. [2013] in the low density regions, the

present study will test the hypothesis that the azimuthal direction is the preferred direction

for propagation and amplification of fast magnetosonic waves in the source region. We

extend the PIC simulations of Min et al. [2018b] to 2D geometry to provide a first-

principles description of the fast magnetosonic mode for the same event recently analyzed

and to demonstrate that the observed polarization properties presented in Boardsen et al.

[2018] can be produced when considering wave measurements in the source region. Because

the wave normal angles of the observed waves were shown to be close to 90◦ [Boardsen

et al., 2018] and they were observed close to the magnetic equator [Min et al., 2018a], we
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consider spatial variations in the radial and azimuthal directions at the magnetic equator

assuming a dipole background magnetic field.

The paper is organized as follows. Section 2 further details the present simulation setup

and section 3 describes the simulation results. In section 4, the simulated electric and

magnetic field fluctuations are analyzed in the same way as Boardsen et al. [2018] for a

direct comparison with the observed polarization properties. Section 5 summarizes the

results.

2. Simulation Setup

As described in Min et al. [2018b], curvilinear coordinates (q1, q2, q3) for dipole geometry

are: q1 varying along field lines, q2 varying radially, and q3 varying in the azimuthal

direction. The present 2D configuration on the dipole magnetic equator has q1 = 0 and

q2 =
r0,ref
∆2

r30
3r30,ref

q3 =
r0,ref
∆3

φ, (1)

where ∆2 and ∆3 are the scale lengths of the q2 and q3 coordinates, respectively; r0 is the

radial distance to a field line; φ is the azimuthal angle to that field line; and the subscript

“ref” denotes values at some reference field line (to be determined). As in Min et al.

[2018b], the grid size in curvilinear space is uniform ∆q2 × ∆q3 = 1 × 1, corresponding

approximately to ∆2 ×∆3 in real space.

The simulation domain is centered at r0 = r0,ref and φ = 0. The wave event presented by

Min et al. [2018a] is used to select the necessary parameters. The observations [Min et al.,

2018a, Figure 2] show strong wave activity occurring roughly within 0.2RE centered at a

radial distance of about 5.6RE near the magnetic equator and roughly within 7.5◦ of the
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magnetic local time (about 0.73RE). Understanding that the hypothesis to be tested will

favor a large azimuthal extent of the source region, we nevertheless choose the simulation

box size of roughly 0.2 × 0.2RE centered at r0,ref = 5.6RE in the dipole magnetic field.

Limited computational resources available were the main reason for this choice. But by

providing an equal length to grow in both directions, this setup will tell us whether wave

amplification indeed prefers one direction over the other when the given conditions are

roughly the same. We will discuss the situation where the source region is elongated in

the azimuthal direction in section 5.

Since the event occurred near the midnight sector, we will consider φ = 0◦ as midnight

magnetic local time. Eastward and westward for the present study are the increasing and

decreasing φ directions, respectively. It is preferable to normalize the length scales by

the proton inertial length, the ratio of the light speed to the proton plasma frequency

(λp = c/ωpp), because the wave length of the fast magnetosonic mode is scaled by this

characteristic length. Based on the observed total plasma number density of n0 = 24

cm−3, the proton inertial length is λp ≈ 0.00727RE; and hence r0,ref = 770λp. If we

choose ∆2 = ∆3 = 0.05λp (same as in Min et al. [2018b]), the number of grid points of

528× 528 roughly corresponds to 0.2RE in both the radial and azimuthal directions. The

simulation domain size is about 16 wavelengths for the 4th harmonic (whose wavelength is

about 1.57λp). The background magnetic field strength at the inner and outer boundaries

in the radial direction is 1.054B0,ref and 0.951B0,ref , respectively, where B0,ref is the dipole

magnetic field magnitude at r0 = r0,ref . The simulation domain, but showing fewer grid

points, is displayed in Figure 1.
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For the initial plasma, we choose the same 3-component plasma as in Min et al. [2018b].

The first component is the partial shell velocity distribution of energetic protons that will

excite the fast magnetosonic mode self-consistently as shown in Min et al. [2018a]

fs =
ns

π3/2θ3sC(vs/θs)
e−(v−vs)

2/θ2s sinl α, (2)

where ns is the number density, vs is the shell speed, θs is the thermal spread of the shell,

l is the pitch angle anisotropy index, and

C(b) =

[
be−b

2

+
√
π

(
1

2
+ b2

)
erfc(−b)

]
Γ(1 + l/2)

Γ(1.5 + l/2)
.

Here erfc(x) is the complementary error function and Γ(x) is the gamma function. Note

the following relation

T⊥s
T‖s

=

∫ π
0

sin3+l αdα

2
∫ π
0

sin1+l α cos2 αdα
=

2 + l

2
,

where T⊥s and T‖s are the effective temperatures of the partial shell in directions perpen-

dicular and parallel to the background magnetic field, respectively. Consistent with Min

et al. [2018a], we choose ns = 0.05n0, l = 1, vs = 1.7vA,ref , and θs = 0.43vA,ref , where

vA,ref = B0,ref/
√

4πmpn0 denotes the Alfvén speed at r0 = r0,ref . The second component is

a Maxwellian (obtained by setting l = vs = 0) representing the remaining protons with the

number density nb = n0−ns. As in Min et al. [2018b], we choose small but finite temper-

ature so that the plasma beta of this population is βb = 8πnbTb/B
2
0,ref = 0.00475, where Tb

is the temperature of this population. The last component represents charge-neutralizing

electrons with βe = 0.005. This 3-component plasma is uniformly distributed initially in

the simulation domain; this can be justified from relatively small variation of the total

density during the wave event [Min et al., 2018a, Figure 2e]. Min et al. [2018a] showed

that although the partial shell distribution is anisotropic (T⊥s/T‖s = 1.5), the growth of
c©2018 American Geophysical Union. All Rights Reserved.



electromagnetic ion cyclotron (EMIC) waves at propagation parallel to the background

magnetic field is negligible.

To facilitate the computations, we use a reduced ratio of the proton to electron mass,

mp/me = 100, and a reduced ratio of the light to Alfvén speed, c/vA,ref = 30. The in-

tegration time step is ∆tΩp,ref = 0.001, where Ωp,ref = eB0,ref/mpc is the angular proton

cyclotron frequency at r0 = r0,ref . The number of simulation particles per cell is 5000

for the partial shell protons, and 2500 for the background protons and electrons, respec-

tively. For waves, open boundary conditions are used in both directions using the masking

method [Umeda et al., 2001]; the number of wave masking grid points is 30 (corresponding

roughly to one proton inertial length) at each boundary. For particles, periodic boundary

conditions are used in the azimuthal direction and reflecting boundary conditions [Hu,

2010] are used in the radial direction.

The linear theory solutions corresponding to the initial setup are shown in Min et al.

[2018b] and will not be repeated here. The results showed that the real part of the

solutions closely follows the cold plasma extraordinary dispersion relation due to the low

temperature of the background populations. In addition, harmonic modes from 3 to 9 are

unstable at the center of the simulation domain, with the 4th harmonic being the fastest

growing mode. (The harmonic is defined in terms of the local proton cyclotron frequency,

Ωp(r0) = eB0(r0)/(mpc), where B0(r0) is the dipole magnetic field magnitude at r0.) The

lower hybrid frequencies, ωlh = Ωp/
√
v2A/c

2 +me/mp (vA is the local Alfvén speed), at

the inner radial boundary, at r0 = r0,ref , and at the outer radial boundary are ωlh = 9.43,

9.49, and 9.53Ωp (or ωlh = 9.95, 9.49, and 9.07Ωp,ref), respectively.
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The values of ωlh for the present setup are significantly smaller than the real value

of ∼ 42Ωp. This results in fewer harmonic modes that can be excited [see, e.g., Min

et al., 2018a, Figure 3]. Several studies [Min and Liu, 2016; Gao et al., 2017; Min et al.,

2018a] nevertheless provided some justifications that despite the reduced number of the

harmonics, the fundamental physics of wave-particle interactions that drive the main

dynamics can still be understood from scaled-down simulations such as those presented

here. Chen et al. [2016] and Sun et al. [2016a, b] cautioned, however, that the once

discrete frequency spectrum of the excited waves becomes continuous when the real value

of mp/me is used because of the increasing linear growth rate with the increasing mp/me.

This will not be a problem in the present study because the linear theory analysis in Min

et al. [2018a] (from which our initial particle distributions were derived) showed that the

spectrum still remains discrete.

Recently, Chen et al. [2018] presented first 2D PIC simulations of the magnetosonic

mode in a meridional plane. It is worth comparing the differences and similarities in the

initial setup between the present simulations and theirs. Obviously, the region of interest

is different: We are concerned with the equatorial evolution of the magnetosonic mode,

whereas they focused on the evolution along the field line and in the radial direction from

a source confined in the radial direction and near the magnetic equator. The background

magnetic field inhomogeneity also differs: The radial distance to the center of the simu-

lation box in the present simulations coincides with where the event of Min et al. [2018a]

occurred, whereas Chen et al. [2018] assumed a scaled-down system where the magnetic

field inhomogeneity is 4–6 times larger than that of the realistic inner magnetosphere (the

corresponding L-shell is 1). Lastly, the initial energetic proton velocity distribution, the
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background plasma density, and the simulation box size in the present simulations are

guided by the actual measurements, whereas in Chen et al. [2018], these parameters were

chosen based on their earlier theoretical/modeling work [Chen et al., 2016; Sun et al.,

2016a, b, 2017]. Note that the maximum linear growth rate is about 0.1Ωp for the present

simulations and about 0.5Ωp for Chen et al. [2018]’s. On the other hand, both simulations

assumed reduced values for c/vA,ref and mp/me to reduce the computational costs.

3. Simulation Results

We first describe the self-consistent evolution of the fast magnetosonic mode. Figure

2 shows the time evolution of the fluctuating magnetic and electric field energy densi-

ties. The evolution may be divided into 3 phases: (1) the exponential growth phase

up to tΩp,ref ≈ 70, (2) the saturation phase between tΩp,ref ≈ 70 and 120, and (3) the

decay phase afterward. The magnetic field energy is dominated by the compressional

component (δB‖; blue) and the electric field energy is dominated by the perpendicular

component (δE⊥ ≡ δErer + δEφeφ; orange and green). The electric field energy clearly

exhibits an inequality |δEφ|2 > |δEr|2 for tΩp,ref & 30, suggesting preferential wave prop-

agation/amplification in the azimuthal direction. Even though the radial component of

the electric field energy is smaller than the azimuthal component, both components have

the same order of magnitude. As will be shown in the next paragraph, however, this does

not mean that there is substantial amplification during radial propagation.

Figure 3 shows snapshots of the compressional component (δB‖) of the fluctuating

magnetic field at tΩp,ref = 70 and 120, and the corresponding wave number spectrograms.

(See also movies in the supporting information.) Similar to the 1D simulations of Min et al.

[2018b], the waves start to grow near the inner radial boundary where the linear growth
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rate is slightly larger. Once |δEφ| > |δEr| after tΩp,ref ≈ 30, a pattern of bi-directional

wave propagation clearly emerges: One group of waves propagates toward the increasing

φ direction (eastward) at the upper half plane (φ & 0) and another group propagates

toward the decreasing φ direction (westward) at the lower half plane (φ . 0). Note that

the wave normal directions have a small radial component pointing outward regardless

of the azimuthal propagation direction. This may be attributed to the refraction of

the fast magnetosonic mode under the framework of geometric optics when propagating

in the background magnetic field with a radial gradient [Kasahara et al., 1994; Chen

and Thorne, 2012]. To show this, two ray paths with real frequency ωr/Ωp = 4 (the

strongest mode for the present case) launched at the azimuthal boundaries (gray dots)

and r0 = r0,ref are superimposed in Figure 3b. For ray tracing, we followed the standard

ray tracing formulation assuming the cold plasma extraordinary mode dispersion relation

[e.g., Shklyar and Balikhin, 2017]. The arrows, which are placed at the second halves of

the ray paths, indicate the wave normal directions at those locations. These are close to

the direction of the group velocity (along the gray curves). Qualitative agreement of the

wave normal directions from the simulation (perpendicular to the wave fronts) and the

ray tracing supports the above conjecture, although it appears that the wave fronts from

the simulation are slanted outward slightly more than the prediction from ray tracing.

(Note that ray tracing considers a single mode, whereas the waves in the simulation are

a superposition of many different modes.)

The wave number spectrograms in Figures 3c and 3d show several discrete spectral peaks

along the kφ axis near kr = 0. In Figure 3c, these peaks correspond to the harmonic modes

from 4 (at |kφ|r−10,ref ≈ 4λ−1p ) to 7 (at |kφ|r−10,ref ≈ 10λ−1p ). In Figure 3d, the 7th harmonic
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mode has decayed away while the 3rd harmonic mode has grown out of the noise floor

at |kφ|r−10,ref ≈ 3λ−1p . Consistent with the simulations in a uniform background magnetic

field of Min et al. [2018a], the higher harmonic modes tend to evolve faster than the

lower harmonics, explaining the inverse cascade of power toward lower wave numbers as

time progresses. The anisotropy of wave power in kr–kφ space is, again, evidence for

the preferential wave propagation/amplification occurring in the azimuthal direction. We

note that similarities can be found between Figures 3c and 3d and Kasahara et al. [1994,

Figures 10 and 13] where these authors applied the wave distribution function analysis on

the satellite measurements of the 3-component magnetic field. (They only resolved wave

normal directions, not the magnitude.)

Figure 4 shows the wave power of δB‖ and δE⊥ as a function of frequency and radial

distance, produced using the entire time series sampled at r0,refφ = −10λp (Figure 1). Note

that the wave frequency is normalized to Ωp,ref . First, the spectra exhibit narrow spectral

peaks; and second, the frequencies at which these peaks occur closely follow the harmonics

of the local proton cyclotron frequency indicated by the dashed horizontal curves. By

comparing with Boardsen et al. [2018, Figure 1], these features are in excellent agreement

with those from the Van Allen Probes observations. This provides strong support for

the conclusion of Boardsen et al. [2018] that wave amplification mainly occurred in the

azimuthal direction for the event considered. (Otherwise, the harmonic spectral structure

should have been washed out as shown in Min et al. [2018b, Figure 8b].) On the other

hand, the simulation shows far less harmonic modes because of the reduced mp/me used.

4. Polarization Analysis
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In this section, we analyze the fluctuating electric and magnetic fields in detail and

compare the simulated wave polarization properties with those from the observations

presented in Boardsen et al. [2018]. Figure 5 shows hodograms of δE⊥ corresponding to the

4th harmonic mode sampled at 5×5 uniformly-spaced grid points between tΩp,ref = 117.5

and 122.5. The signals were bandpass filtered in frequency between ωr = 3.5 and 4.5Ωp.

Although there is a small amount of variation, in general, δE⊥ is elliptically polarized

and the major axis directions of the polarization ellipses are roughly along the azimuthal

direction. These hodograms are consistent with the example shown by Němec et al. [2013,

Figure 3] from Cluster.

For a more quantitative comparison with the results of Boardsen et al. [2018], we carried

out minimum variance analysis on the simulated δE⊥. For a given harmonic mode and at

a given grid point, the time series of signals were divided into 4 wave cycles moving in steps

of 2 wave cycles. The individual 4-cycle-long signals were fed into the minimum variance

method [e.g., Means , 1972] to calculate the ratio of the minimum to maximum variances

(ε⊥) of the polarization ellipse and the angle (folded into the first quadrant) between the

maximum variance direction and the radial vector (θmaj), resulting in an array of pairs

(ε⊥, θmaj) at every grid point. (This is equivalent to the wavestep analysis of Anderson

et al. [1996] and Min et al. [2017].) We selected the samples at 78× 78 uniformly-spaced

grid points, resulting in 78× 78×Nt samples of (ε⊥, θmaj) to work with, where Nt is the

number of samples in the time dimension which varies depending on the harmonic mode.

Figure 6 shows histograms of ε⊥ and θmaj corresponding to the 4th and 5th harmonic

modes. The time intervals of signals used are tΩp,ref = [80, 150] for the 4th harmonic mode

and tΩp,ref = [70, 110] for the 5th harmonic mode. These time intervals produce histograms
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most consistent with those from the observations. The reason for different time intervals

can be understood from the differing time scale of evolution depending on the harmonic

number, but the overall trend is the same even if different time intervals were chosen. As

anticipated from Figure 5, δE⊥ is dominantly elliptically polarized (ε⊥ ∼ 0) with the major

axis of the polarization ellipses oriented in the azimuthal direction (θmaj ∼ 90◦). These

histograms are nearly identical to Boardsen et al. [2018, Figures 4d and 4e] constructed

from the Van Allen Probe burst captures. The major difference is the more elevated level

of the θmaj histograms near 0◦. The likely reason is the low saturation amplitudes of the

magnetosonic mode relative to the noise level. On the one hand, the shorter azimuthal

extent of the source region limits convective wave growth; and on the other hand, the

noise level in the simulation is inherently large because the number of simulation particles

is still far less than the actual number of particles in the inner magnetosphere. (Support

for this explanation is given in the supporting information.) Another possibility may be

the difference between the wavestep analysis of the present study and the Fourier analysis

of Boardsen et al. [2018]. We examined the 6th harmonic mode also; other than larger

spread of histograms due perhaps to the weaker wave power, the same trend was found.

Figure 7 presents the spatial distributions of mean and median values of the ε⊥ and

θmaj samples corresponding to the 4th harmonic mode at 78 × 78 grid points. There are

about 22 samples in each bin. (The same dataset was used to draw Figures 6a and 6b.)

As noticed from Figures 6a and 6b, there are relatively large variations which appear

to correspond to the irregular pattern of the wave field in Figures 3a and 3b. But in a

larger scale, the distributions are roughly uniform in a sense that there is no large scale

asymmetry.
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Boardsen et al. [2018] showed that the phase difference between δEL (the longitu-

dinal component of the electric field fluctuations) and δB‖ can be used to determine

the sign in Figures 6b and 6d. Linear theory in the cold plasma regime shows that

δEL/δB‖ = i(D/S)/(k⊥/ωr) for the fast magnetosonic mode at 90◦ wave normal angle

[Boardsen et al., 2018], where D and S are the Stix parameters [Stix , 1992]. In the fast

magnetosonic frequency range, Ωp < ωr < ωlh, the imaginary part of δEL/δB‖ is negative

for a forward propagating mode (ωr > 0 and k⊥ > 0). Because the wave normal direc-

tions are approximately along the azimuthal direction for the present simulation (Figure

3), δEφ may be regarded as δEL. (We also used the wave normal directions from the two

rays shown in Figure 3b to derive δEL and got essentially the same results.) Figure 8a

shows the time series of δB‖ and δEφ sampled at r0 − r0,ref = 1.57λp and r0,refφ = 11.3λp

(near the end of the ray propagating eastward in Figure 3b). The signals were bandpass

filtered in frequency between ωr = 3.5 and 4.5Ωp. The δEφ signal is lagging behind δB‖

by about 90◦. This is as though a virtual satellite sees the wave propagating dominantly

eastward out of the simulation domain. Similarly, Figure 8b shows the time series of the

two signals sampled at r0 − r0,ref = 1.57λp and r0,refφ = −11.3λp (near the end of the

ray propagating westward in Figure 3b). Now the phase difference is flipped. This is

as though a virtual satellite sees the wave propagating dominantly westward out of the

simulation domain. These results are consistent with the prediction of linear theory for

waves propagating eastward (Figure 8a) or westward (Figure 8b).

Figure 9 shows the spatial distribution of the phase difference between δB‖ and δEφ

corresponding to the 4th harmonic mode. The 4-cycle-long signals centered at tΩp,ref =

120 were used for the phase calculation. The phase difference is close to 90◦ near the
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eastward boundary and −90◦ near the westward boundary, consistent with the picture

from the single-point evaluation (Figure 8). That the phase angles are grouped in the

vicinity of 90◦ in Boardsen et al. [2018, Figure 4f] indicates that the spacecraft was located

eastward of the source region when the event occurred. The transition near φ = 0◦ is more

of a step-like function than a smooth transition. Therefore, it is more likely that spacecraft

measurements will show grouping in the vicinity of either −90◦ or 90◦.

5. Conclusions and Discussions

Recent analysis of an event observed by the Van Allen Probes [Boardsen et al., 2018] has

shown that fast magnetosonic waves propagate preferentially in the azimuthal direction

near or in the source region, implying that the main wave amplification should occur

during azimuthal propagation. To confirm this, we carried out a 2D PIC simulation of

the fast magnetosonic mode in dipole geometry. Given that the wave normal angles were

close to 90◦ for the event [Boardsen et al., 2018] and that the waves were detected close to

the magnetic equator, we chose spatial variation at the dipole magnetic equator, thereby

simulating equatorial evolution of the fast magnetosonic mode. The simulation box size,

the magnetic field inhomogeneity, and the initial plasma parameters were chosen from the

same event recently analyzed.

The waves that self-consistently evolved in the simulation were characterized by spectral

peaks at harmonics of the local proton cyclotron frequency with the electric field fluctua-

tions dominantly in the azimuthal direction. The simulated waves were analyzed in a way

similar to that of Boardsen et al. [2018] for a direct comparison of the wave polarization

properties reported there. The excellent agreement between the observed and simulated

electric field polarization properties was clear evidence that the wave amplification for the
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observed fast magnetosonic mode occurred during azimuthal propagation in the source

region.

Although the observations showed that the azimuthal extent of the source region was

more than three times larger, we chose a simulation box with equal sides, understanding

that this setup is more stringent for convective wave amplification in the azimuthal direc-

tion. To examine the effect of a larger azimuthal extent of the source region, we carried

out a simulation where the simulation box size in the azimuthal direction was increased

by a factor of 3. To reduce computation time, however, we decreased the number of

simulation particles by a factor of 10 and treated background protons and electrons as

cold, linearized fluids [Tao, 2014]. (So only the partial shell protons were discrete parti-

cles.) Understandably, wave amplitudes in this simulation are larger both because of a

larger spatial length for magnetosonic waves to grow and because there was no damping

by thermal populations. But still, the waves excited exhibit propagation dominantly in

the azimuthal direction followed by an outward refraction. In addition, the electric field

polarization properties and the bimodal structure of the δB‖–δEφ phase difference are

consistent with those from the present simulation with equal sides. This indicates that

the present conclusions still hold even for a source region whose azimuthal extent is larger

than the radial extent and that the azimuthal direction is indeed the direction favored for

wave amplification for the event of Boardsen et al. [2018]. One feature less clear in the

present simulation with equal sides is that the waves propagate both eastward and west-

ward near the center meridian of the source region, where the phase difference tends to 0

(or otherwise not well defined). (See the supporting information for detailed analysis.)
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The present simulation results are in support for the initial conjecture that for a dipole

background magnetic field and when the plasma density is only a function of the radial

distance, the waves will experience growth over a much longer ray path for waves prop-

agating in the azimuthal direction as opposed to the radial direction, if launched at the

magnetic equator with a normal angle of 90◦. The statistical findings of the azimuthal

propagation angle distribution in the low density regions shown by Němec et al. [2013]

may be interpreted in this context, understanding that the plasma trough is often con-

sidered to be the source region [e.g., Horne et al., 2000; Ma et al., 2014a]. According to

the simple gain analysis of Boardsen et al. [2018] using a dipole magnetic field model with

constant density and the growth rate formula and ring distribution of Chen [2015], the

path integrated gain over 0.5RE for a magnetosonic wave propagating in the azimuthal

direction is five times larger than the gain of a wave propagating in the radial direction;

the wave propagating radially goes out of resonance after propagating only 0.1RE. It

appears that their analysis could have been easily generalized, perhaps in a way similar

to Shklyar and Balikhin [2017], to reveal the preferential propagation direction.

Although there is still a lot of room for ray tracing with the path integrated gain

analysis, kinetic simulations can offer at the expense of the longer computational time

a detailed wave structure (which allowed us to perform spectral and phase analyses to

make a direct comparison with the observations) and the evolution of the plasma species

(which Min et al. [2018a] used to make a direct comparison with the observations). For

the magnetosonic mode, mode conversion as a wave propagates across nΩp (n being an

integer) can be a potential problem in ray tracing. One typically uses the cold plasma

approximation for the real part of the dispersion relation and the warm plasma to compute
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the gain. Boardsen et al. [1992] and Horne et al. [2000] used the mode conversion formula

given by Ngan and Swanson [1977] to argue that as a wave approaches nΩp for a 90◦ wave

normal angle, the transmission coefficient is ∼ 1, and only a small amount of energy is

reflected or ends up on the ion Bernstein mode branch. The driven simulations in Min

et al. [2018b] also supports this.

One of the hypotheses for explaining the magnetosonic wave population observed inside

the plasmapause is propagation inward from outside source regions [e.g., Němec et al.,

2013; Ma et al., 2014b; Su et al., 2017]. According to Chen and Thorne [2012] (and also

as suggested by various other studies), if a wave generated outside the plasmasphere has

a substantial component of the wave normal vector pointing radially toward the Earth,

it can potentially propagate a long distance across the plasmapause and in the azimuthal

direction. The dominant waves in the present simulation, however, have a small radial

component of the wave normal vector away from the Earth. This is in fact consistent with

the statistical results of Němec et al. [2013] who noticed that waves in low density regions

tend to have a small radial component of the wave normal vector away from the Earth. So

after leaving the source region, these waves will continuously be refracted outward [Chen

and Thorne, 2012] and eventually be absorbed by plasma sheet populations [Horne et al.,

2000], thereby leaving little chance for them to contribute to the wave population in the

plasmasphere.

Can the waves of smaller amplitudes leaving the inner radial boundary in the simulation

contribute to the wave population inside plasmapause? Or more generally, under what

condition(s) can radial propagation be dominant? Both Chen et al. [2018] and Min et al.

[2018b] showed that waves can still be amplified while propagating radially if azimuthal
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propagation is suppressed. This readily suggests that the radial versus azimuthal spatial

scale of the source region is one factor that can determine the preferential wave propagation

direction. However, the present simulation results as well as the gain analysis of Boardsen

et al. [2018] indicate that the azimuthal extent of the source region need to be much

smaller than the radial extent to allow (relatively) stronger convective wave growth in the

radial direction. To confirm this, we carried out two more simulations with the azimuthal

extent of the simulation box set to be half and a quarter of the radial extent, respectively.

The waves grow more strongly at azimuthal propagation even if the azimuthal source

extent is half the radial extent (not shown). When the azimuthal dimension is further

reduced, the waves propagating radially can eventually dominate in the system. But,

since waves propagating radially go out of resonance quickly, their amplitude, if detected

inside the plasmapause, will be generally low as suggested by Min et al. [2018b]. Indeed,

statistical magnetosonic wave distributions observed tend to show weaker power inside

the plasmasphere [Meredith et al., 2008; Ma et al., 2013; Němec et al., 2015; Boardsen

et al., 2016; Kim and Chen, 2016]. The wave length scale relative to the inhomogeneity

scale may be another factor that affects the preferential wave propagation direction. If

the wave length is much smaller than the inhomogeneity scale, the background magnetic

field may be considered to be uniform for wave’s perspective. This situation can occur

for high harmonic modes and/or in high density regions (where the characteristic wave

scale is reduced). Last but not least, the plasmapause density structure and nonuniform

density profile in the azimuthal direction (like the plasmaspheric plume) can affect the

preferential propagation direction through refraction [Chen and Thorne, 2012]. (We have

been assuming an axis-symmetric medium throughout the paper.)
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Our model is by no means perfect; several assumptions were made in order to facilitate

numerical calculations with limited computational resources. One such assumption is

propagation exactly perpendicular to the background magnetic field. This assumption is

well justified for the present study, but may not be valid for all cases. Tsurutani et al.

[2014] showed wave occurrence at high latitude and Zhima et al. [2015] suggested that

observations of discrete magnetosonic waves off the magnetic equator can be explained by a

combination of parallel and radial propagation. Another issue is that the initial state of our

simulation is not in MHD equilibrium. As a result, large-scale, quasi-steady perturbations

arise, because the dipole magnetic field alone cannot counteract the particle pressure. The

large-scale perturbations were indeed seen in the early phase of the present simulation.

However, these perturbations are much weaker than the magnetosonic mode excited by

the partial shell velocity distribution of energetic protons. Because the main dynamics are

still governed by the magnetosonic mode and the associated wave-particle interactions, we

anticipate that simulations with an initial MHD equilibrium would result in essentially the

same conclusions of the present study. Finally, the use of reduced values for the light speed

and the ratio of the proton-to-electron mass allowed fewer harmonic modes than what the

observation showed. This was a necessary choice in order to reduce the simulation costs,

and several studies [Min and Liu, 2016; Gao et al., 2017; Min et al., 2018a] provided some

justifications that the fundamental physics of wave dynamics remains the same with these

reduced parameters. On the other hand, studies also suggested that the exact spectral

power and nonlinear dynamics may vary [Sun et al., 2016a, b; Gao et al., 2017].
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Figure 1. Equatorial simulation domain with reduced grid points in polar coordinates. The

left and bottom axes are in units of the proton inertial length, λp, and the right and top axes

are in units of the Earth radius, RE. The azimuthal angle φ spans ±1◦. The simulation domain

size roughly corresponds to 16 wavelengths for the 4th harmonic.
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Figure 2. Time evolution of the fluctuating (a) magnetic and (b) electric field energy densities.

The three colored lines denote the three components in field-aligned coordinates as labeled. The

vertical lines are drawn at tΩp,ref = 30, 70, and 120, respectively.
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Figure 3. (a and b) Snapshots of the compressional component (δB‖) of the fluctuating

magnetic field at tΩp,ref = 70 and 120, respectively, shown in r0–φ space (see Figure 1). The

gray curves in panel b represent the paths of two rays with real frequency ωr/Ωp = 4 launched

at the azimuthal boundaries (gray solid dots) and r0 = r0,ref . The arrows indicate the wave

normal directions at the locations of arrow tail for the later halves of the ray paths. (c and d)

Corresponding wave number spectrograms of δB‖. The 4th harmonic mode can be identified at

|kφ|r−10,ref ≈ 4λ−1p and kr ∼ 0 in both panels, and the 7th harmonic mode at |kφ|r−10,ref ≈ 10λ−1p and

kr ∼ 0 in panel c.

c©2018 American Geophysical Union. All Rights Reserved.



-10 -5 0 5 10
0

2

4

6

8

10

r0-r0,ref (λp)

ω
/Ω
0,
re
f

(a) log10(δB∥
2/B0,ref

2 )

-8

-6

-4

-2

-10 -5 0 5 10
0

2

4

6

8

10

r0-r0,ref (λp)

ω
/Ω
0,
re
f

(b) log10(δE⊥
2/B0,ref

2 )

-10

-8

-6

-4

Figure 4. Power spectra of (a) the compressional component of the fluctuating magnetic field

(δB‖) and (b) the perpendicular component of the fluctuating electric field (δE⊥) as a function

of wave frequency and radial location. The entire time series sampled at r0,refφ = −10λp are

used to produce the figure. The wave frequency is normalized to Ωp,ref , and the dashed horizontal

curves are drawn at harmonics of the local proton cyclotron frequency from 1 to 9.
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Figure 5. Hodograms of δE⊥ ≡ δErer + δEφeφ corresponding to the 4th harmonic mode

sampled at 5 × 5 uniformly-spaced grid points between tΩp,ref = 117.5 and 122.5. The double-

headed arrows indicate the major axis direction of the polarization ellipses obtained from the

minimum variance method. The signals were bandpass filtered in frequency between ωr = 3.5

and 4.5Ωp.
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Figure 6. Results of minimum variance analysis on δE⊥. Panels a and c show histograms

of the ratio of the minimum to maximum variances (ε⊥), and panels b and d show histograms

of the angle (folded into the first quadrant) between the maximum variance direction and the

radial vector (θmaj). The mean and median values are labeled in each panel. The first and second

rows are for the 4th and 5th harmonic modes, respectively. The time intervals of signals used are

tΩp,ref = [80, 150] for the 4th harmonic mode and tΩp,ref = [70, 110] for the 5th harmonic mode.
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Figure 7. Spatial dependence of (a and b) the mean and median of the ratio of the minimum

to maximum variances (ε⊥) and (c and d) the angle (folded into the first quadrant) between

the maximum variance direction and the radial vector (θmaj) corresponding to the 4th harmonic

mode. Panels a and c show the median values, and panels b and d show the mean values of the

corresponding quantities. These statistics were derived from about 22 samples in each pixel. The

time intervals of signals used are tΩp,ref = [80, 150].
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Figure 8. Time series of δB‖ (black) and δEφ (red; scaled up by a factor of 7) sampled at

r0 − r0,ref = 1.57λp and (a) r0,refφ = 11.3λp or (b) r0,refφ = −11.3λp. The signals were bandpass

filtered in frequency between ωr = 3.5 and 4.5Ωp.
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Figure 9. Spatial map of the phase difference between δB‖ and δEφ at tΩp,ref = 120 corre-

sponding to the 4th harmonic mode. Positive (reddish color) means eastward propagation. The

black pixels are where the phase angle is beyond the range of [−100, 100]◦.
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