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Abstract With a linear theoretical model, we have investigated the properties of whistler waves excited
by anisotropic hot electrons with a drift velocity parallel to the background magnetic field, which is
usually neglected in previous studies. It is found that a finite drift velocity can significantly change the
properties of excited whistler waves, resulting in distinct properties for parallel and antiparallel propagating
waves. In the high‐beta regime, as the drift velocity increases, the frequency of parallel propagating
whistler waves increases, while that of antiparallel propagating waves is found to decline. So parallel and
antiparallel propagating whistler waves appear in different frequency bands. However, the growth rate of
parallel wave is always smaller than that of antiparallel wave and falls below 10−2Ωe for large drift velocities
(vd/vth > 1.5), in which case the parallel wave may be too weak to be observed. Generally, the growth
rate of whistler waves in both directions is enhanced with the increasing anisotropy or proportion of hot
electrons. In the low‐beta regime, the trends of the frequency and linear growth rate of excited whistler
waves are quite similar to those in the high‐beta regime. But with the increase of the drift velocity, the wave
normal angle of parallel propagating whistler waves gradually declines until reaching 0, while that of
antiparallel propagating waves continues to increase. Our study may be helpful to understand various
whistler mode spectra observed in the Earth's magnetosphere.

1. Introduction

Whistler mode chorus waves are one of the most intense natural emissions at frequencies between 0.1 and
0.8fce (fce is the equatorial electron gyrofrequency) in the Earth's magnetosphere (Burtis & Helliwell, 1969; Li
et al., 2012; Tsurutani & Smith, 1974). They have received much attention due to their key role in controlling
electron dynamics in the Earth's Van Allen radiation belt. Chorus waves have been commonly believed to
account for both the precipitation of low‐energy (0.1–30 keV) electrons into atmosphere (Ni et al., 2011;
Nishimura et al., 2013; Thorne et al., 2010) and the dominant source of relativistic electrons (approximately
mega electron volt) in the heart of radiation belt during geoactive periods (Reeves et al., 2013; Summers
et al., 2002; Thorne et al., 2013). In the spectrogram, whistler mode chorus waves are typically divided into
two separated bands by a power gap around 0.5fce (Meredith et al., 2001; Ratcliffe &Watt, 2017): lower band
(0.1fce – 0.5fce) and upper band (0.5fce – 0.8fce). Much effort has beenmade to understand the formation of the
power gap around 0.5fce (Fu et al., 2015; Gao, Lu, et al., 2016; Gao et al., 2017, 2018, 2019; J. Li et al., 2019;
Omura et al., 2009; Ratcliffe &Watt, 2017), but there is still no consensus reached on this issue. The majority
of whistler mode chorus waves in Earth's magnetosphere are quasi‐parallel with wave normal angle (WNA)
smaller than 30° (Li et al., 2011), while there is also a significant population of very oblique waves withWNA
near the resonance cone angle (Agapitov et al., 2013; Gao, Mourenas, et al., 2016; Li et al., 2011). The main
source region of whistler mode waves is located at the magnetic equator and just extends to several degrees
of magnetic latitude (Lauben et al., 2002; Santolik et al., 2005).

It is widely accepted that whistler mode waves in the Earth's magnetosphere extract free energy from ener-
getic electrons injected from plasma sheet during geoactive periods (Gao et al., 2014; Li et al., 2010). These
tens of kiloelectron volt electrons usually have significant temperature anisotropies with T⊥ > T∥, which are
unstable to drive whistler mode wave instability (Gary et al., 2011; Ke et al., 2017; Liu et al., 2011; Lu
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et al., 2004, 2010; Omura & Nunn, 2011; Santolik et al., 2010). Hereafter, the subscripts ⊥ and ∥ denote the
directions perpendicular and parallel to the background magnetic field. In previous studies, this energy
source is often modeled as a single bi‐Maxwellian distribution in velocity space without the bulk velocity.
In this scenario, whistler mode waves with parallel and antiparallel propagating directions are simulta-
neously excited in the source region and have the same amplitude, which has been supported by both the
linear theory and particle‐in‐cell simulations (An et al., 2017; H. Y. Chen et al., 2018; Fan et al., 2019;
Gary et al., 2011). As a result, the presence of mixed Poynting flux directions of whistler mode chorus waves
becomes a commonmethod to determine their source region from satellite observations (LeDocq et al., 1998;
Santolik et al., 2003). Besides, the wave normal angle of excited whistler mode waves is mainly controlled by
the parallel plasma beta (β∥) of anisotropic energetic electrons (An et al., 2017; Fan et al., 2019; Gary
et al., 2011; Yue et al., 2016). Generally, in the high‐beta (β∥ ≥ 0.025) regime, the WNA of whistler mode
waves with the largest linear growth rate is always 0, while in the low‐beta (β∥ ≤ 0.025) regime, the WNA
of the most unstable whistler mode waves will become very large (>~40°).

Recent observations from Time History of Events and Macroscale Interactions during Substorms satellite
have revealed that both quasi‐parallel and oblique whistler mode chorus waves are usually detected along
with a beam‐like electron population in the Earth'smagnetosphere (R. Chen et al., 2019). And electron beams
could be produced either by earlier whistlermodewaves (J. Li et al., 2019; Ratcliffe &Watt, 2017) or by kinetic
Alfvén waves, time domain structures, or ionospheric outflows (A. V. Artemyev & Mourenas, 2020). These
indicate that the bi‐Maxwellian electron distribution with a drift velocity along the background magnetic
field is a better model describing anisotropic energetic electrons. With a theoretical model, Mourenas
et al. (2015) and A. Artemyev et al. (2016) proposed that very oblique (WNA≈ arccos−1f/fce) lower‐bandwhis-
tler waves can be generated by anisotropic electron beam through a combination of cyclotron resonance and
Landau resonance. This potential mechanism has been supported by a statistical study on very oblique
chorus waves (Gao, Mourenas, et al., 2016) and by a detailed analysis of measured wave spectra and electron
distributions during the generation of several bursts of highly oblique choruswaves (Li et al., 2016). However,
the effect of a finite drift velocity of anisotropic energetic electrons on excited whistler waves is still not fully
understood.

In this paper, we have comprehensively studied the properties of whistler waves excited by anisotropic elec-
trons with a finite drift velocity along the background magnetic field with a linear theoretic model.
Especially, we focus on the effects of the drift velocity on the linear growth rate, wave frequency, and
WNA of excited whistler waves in both high‐beta and low‐beta regimes. It is found that a modest drift velo-
city can significantly change the properties of excited whistler waves, but the changes are quite different in
two propagating directions, that is, parallel and antiparallel to the background magnetic field.

The rest of this paper is structured as follows. Section 2 describes the linear theoretical model used in this
study, and theoretical results for both high‐beta and low‐beta regimes are presented in section 3. Section 4
is a summary of principal results.

2. Linear Theoretical Model

We have investigated the effects of the drift velocity on whistler mode waves excited by anisotropic hot elec-
trons using the linear theory. The WHAMP (Waves in Homogeneous Anisotropic Magnetized Plasma)
model (Ronnmark, 1982), which can be easily accessed on the website (https://github.com/irfu/whamp),
is utilized to calculate the dispersion relation of whistler mode waves and associated linear growth rates.
This code has been widely used in previous works (H. Y. Chen et al., 2018; Denton, 2018; Fan et al., 2019;
Sun et al., 2019; Xiao et al., 2007).

In this study, the background magnetic field B0 and plasma density ntotal are assumed as 80 nT and 1.0 cm−3,
meaning the ratio between plasma frequency and gyrofrequency (ωpe/Ωe) is about 4, which is a typical value
in the source region of whistler mode waves (Gao et al., 2014). In this model, there are three species in the
plasma, such as cool protons, cool electrons, and hot electrons, which are denoted by subscripts “p,” “c,” and
“h,” respectively. The background cool protons and cool electrons both satisfy the Maxwellian velocity dis-
tribution and have the same temperature of 1 eV. The hot electrons are the source of free energy to excite
whistler waves, which are described as a drifting bi‐Maxwellian distribution:
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where n, v, and T represent the density, velocity, and temperature, respectively. The vth and vd denote the
parallel thermal velocity and drift velocity of hot electrons, respectively. Besides, the background magnetic
field is along z axis, and the densities of three species satisfy nh + nc ¼ np ¼ ntotal. Note that to perform
one linear theory calculation, we need to initialize some parameters in the WHAMP model, such as the
density, parallel beta, anisotropy, and drift velocity of each component, and ωpe/Ωe.

3. Results

The parallel plasma beta β‖h ¼ 2μ0ntotalkBT‖h=B2
0

� �
of hot electrons is a key parameter controlling the WNA

of excited whistler mode waves. Previous studies revealed that the whistler wave with the maximum growth
rate undergoes a transition from parallel to oblique propagation at a critical value (~0.025) of β‖h (An
et al., 2017; Fan et al., 2019; Gary et al., 2011; Yue et al., 2016). Therefore, we have investigated the effects
of drift velocity of hot electrons on excited whistler waves in these two regimes with the WHAMP model.

3.1. High‐Beta Regime: β∥h > 0.025

Since the linear growth rate of unstable whistler waves always peaks at the WNA of 0° in our considered
cases, we only consider parallel and antiparallel propagating whistler waves in this regime. Figure 1 exhibits
the frequency ω/Ωe (black lines) and linear growth rate γ/Ωe (red lines) of whistler waves as a function of
parallel wave number k∥vth/Ωe for two cases with different relative drift velocities: (a) vd ¼ 0 and (b) vd ¼
1.0vth. In two cases, the parallel plasma beta β‖h, anisotropy T⊥h/T∥h, and the number density ratio nh/ntotal
of hot electrons are fixed as 0.32, 4, and 0.1, respectively. It is worth noting that the initial temperature ani-
sotropy of hot electrons is relatively higher in our study, which enables whistler waves to have sufficiently
large growth rates. However, previous simulations (An et al., 2017; Gary et al., 2011; Liu et al., 2011) have
revealed that the initial anisotropy will be significantly reduced after whistler waves are excited. For ωpe/
Ωe ¼ 4, the parallel temperature of hot electrons T∥h ¼ 5.12 keV at β‖h ¼ 0.32. Hereafter, solid and dashed
lines represent whistler waves that propagate parallel and antiparallel to the background magnetic field,
respectively. Just as expected, without the drift velocity, the whistler waves driven by anisotropic hot elec-
trons have the same dispersion relation and linear growth rate in parallel and antiparallel directions
(Figure 1a). In Figure 1a, the frequency ω/Ωe and linear growth rate γ/Ωe of the most unstable whistler wave
are 0.46 and 0.035 in both directions. However, when anisotropic electrons are given a drift velocity of 1.0vth
in Figure 1b, the properties of unstable whistler waves have changed significantly. For parallel propagating
waves, the most unstable whistler mode now has a higher frequency of 0.61Ωe (>0.5Ωe) but a smaller linear
growth rate of 0.019Ωe. While for antiparallel propagating waves, the most unstable whistler mode has a

Figure 1. The frequency ω/Ωe (black lines) and linear growth rate γ/Ωe (red lines) of whistler waves as a function of
parallel wave number k∥vth/Ωe for two cases with different relative drift velocities: (a) vd ¼ 0 and (b) vd ¼ 1.0vth in
the high‐beta regime. The solid lines indicate parallel propagating whistler waves, whereas dashed lines correspond to
antiparallel propagating whistler waves, hereafter.
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lower frequency of 0.3Ωe (<0.5Ωe) but a larger linear growth rate of 0.036Ωe. Furthermore, these two whis-
tler waves should be excited mainly through normal cyclotron resonance (An et al., 2016, 2017; see our sup-
porting information Figure S1). As a result, there exist obvious differences between parallel and antiparallel
propagating waves, making it very easy to distinguish them in the spectrogram. That is, parallel propagating
whistler waves fall within upper band (>0.5Ωe) and have smaller amplitudes, but antiparallel propagating
waves belong to lower band (<0.5Ωe) and have larger amplitudes. And the similar results (see their
Figure 3) have also been pointed out by An et al. (2016).

The pitch angle distribution of electrons for two cases are shown in Figure 2. The coded color denotes the
velocity of electrons. As shown in Figure 2a, without the drift velocity of hot electrons, the phase space den-
sity (PSD) of electrons at a fixed velocity exhibits a symmetric distribution about the pitch angle of 90° and
just peaks at 90° due to the temperature anisotropy. In Figure 2b, there is a drift velocity of 1.0vth along the
background magnetic field, so the pitch angle distribution entirely moves toward smaller pitch angles, mak-
ing the profile of PSD become asymmetric. The maximum PSD is not at the pitch angle of 90° but shifts
toward smaller pitch angles. And the peak of PSD of lower‐energy electrons is farther away from 90° pitch
angle. Therefore, the asymmetric pitch angle distribution can be considered as an identity of drifting aniso-
tropic electrons in observation data.

Figure 3 gives a summary plot, including the effects of drift velocity vd/vth, anisotropy T⊥h/T∥h, proportion
nh/ntotal of hot electrons on the frequency ωd/Ωe (left column), and growth rate γd/Ωe of most unstable whis-
tler mode in both parallel (solid lines) and antiparallel (dashed lines) directions, respectively. Except the
parameter of interest, such as vd/vth, T⊥h/T∥h, and nh/ntotal, other initial parameters are fixed as those in
the case shown in Figure 1b. Notably, when we vary T⊥h/T∥h, the value (5.12 keV) of T∥h is kept constant.
With the increase of drift velocity, as shown in Figure 1a, the frequency of parallel propagating whistler con-
tinuously increases, while that of antiparallel propagating whistler is found to decline. As a result, the par-
allel and antiparallel propagating whistler will be observed in upper and lower bands in the spectrogram,
respectively. And a power gap between them is naturally formed. However, the growth rate of parallel whis-
tler is always smaller than that of antiparallel wave for nonzero drift velocities and further smaller for a lar-
ger drift velocity (Figure 3b). It is worth mentioning that since the growth rate of parallel whistler is quite
small (γd/Ωe < 10−2) at a large drift velocity (vd/vth > 1.5), the parallel wave may be too weak to be observed
in such case.

With a fixed drift velocity of 1vth, the frequency difference between parallel and antiparallel propagating
whistler waves seems to be independent on the anisotropy and proportion of hot electrons (Figures 3c and
3e). Generally, the growth rate of whistler waves in both directions will increase as the T⊥h/T∥h or nh/ntotal
increases (Figures 3d and 3f). It indicates that free energy source for wave growth is the temperature aniso-
tropy of hot electrons (and not the beam drift energy). However, there are still two things that need to be
pointed out. First, when the T⊥h/T∥h is below ~2.5, the growth rate of parallel wave is somehow larger than
that of antiparallel wave, but their growth rates become a very low level (Figure 3d). Then, if the nh/ntotal is

Figure 2. The pitch angle distribution of electrons for (a) the case shown in Figure 1a and (b) the case shown in
Figure 1b. The coded color denotes the velocity of electrons.
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reduced below ~5%, there may be only lower‐band (or antiparallel propagating) whistler waves excited in the
system due to the low growth rate of parallel waves (Figure 3f).

3.2. Low‐Beta Regime: β∥h < 0.025

Figure 4 displays the frequency ωm (black lines) and linear growth rate γm (red lines) as a function of WNA θ
for two cases with different relative drift velocities: (a) vd¼ 0 and (b) vd¼ 0.5vth. Here, ωm and γm denote the
frequency and growth rate of whistler mode with the maximum linear growth rate at each WNA. Note that
here we choose a higher anisotropy, that is, T⊥h/T∥h ¼ 6, which is necessary to generate whistler waves in
the low‐beta regime (Gary et al., 2011). In Figure 4a, similar to results in Figure 1a, parallel and antiparallel
propagating whistler waves also have the same frequency and growth rate, but the linear growth rate peaks
at the large WNA (~40°) in this low‐beta regime. If given a drift velocity of 0.5vth as shown in Figure 4b, the
most unstable whistler wave in parallel direction will have the smaller WNA (~28°) and linear growth rate

Figure 3. The frequency ωd/Ωe (black lines) and linear growth rate γd/Ωe (red lines) as a function of (a, b) drift velocity
vd/vth, (c, d) temperature anisotropy T⊥h/T∥h, and (e, f) proportion nh/ntotal of hot electrons. ωd/Ωe and γd/Ωe represent
the frequency and growth rate of the most unstable whistler mode in both parallel (solid lines) and antiparallel (dashed
lines) directions, hereafter.
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(~0.0094Ωe) but larger frequency, while that in antiparallel direction will have the larger WNA (~47°) and
linear growth rate (~0.0135Ωe) but lower frequency. Here, the dominant whistler modes in two directions
should also be excited mainly through normal cyclotron resonance (n ¼ 1) due to their smaller resonant
velocities (see our supporting information Figure S2). In the same format as Figure 2, Figure 5 gives the
pitch angle distribution of hot electrons for above two cases. One thing to keep in mind is that the pitch
angle distribution of hot electrons will become asymmetric in the presence of a finite drift velocity
(Figure 5b).

In low‐beta regime, we have investigated not only the effects of drift velocity, anisotropy, and proportion of
hot electrons on the frequency and growth rate of most unstable whistler mode in both directions but also
the WNA, which are presented in Figure 6. Except the parameter of interest, such as vd/vth, T⊥h/T∥h, and
nh/ntotal, other initial parameters are fixed as those in the case shown in Figure 4b. In Figures 6a–6c, for par-
allel propagating whistler wave (solid lines), as the drift velocity increases, the frequency increases, but the
growth rate and WNA decreases. But the trend for antiparallel propagating whistler wave (dashed lines) is
totally opposite. So the differences between parallel and antiparallel waves in frequency, growth rate, and
WNAwill become more significant with the increase of drift velocity. Specifically, with a finite drift velocity,
the anisotropic hot electrons can simultaneously generate the quasi‐parallel and very oblique whistler waves
within the source region (Figure 6c). Furthermore, the highly oblique lower‐band whistler waves (dashed
lines), which have recently received much attention (Agapitov et al., 2013; A. Artemyev et al., 2016; Gao,
Mourenas, et al., 2016; Li et al., 2011, 2016), can be excited when the drift velocity is sufficiently large (v-

d ≳ 1.5vth) (Figure 6a). The frequency and wave normal angle of excited whistler waves seem to be indepen-
dent on the T⊥h/T∥h and nh/ntotal of hot electrons (Figures 6d, 6f, 6g, and 6i). But there is a clear trend that
the growth rates of both parallel and antiparallel propagating whistler waves increase with the T⊥h/T∥h or

Figure 5. The pitch angle distribution of electrons for (a) the case shown in Figure 4a and (b) the case shown in
Figure 4b. It has the same format as Figure 2.

Figure 4. The frequency ωm (black lines) and linear growth rate γm (red lines) as a function of wave normal angle θ for
two cases with different relative drift velocities (a) vd ¼ 0 and (b) vd ¼ 0.5vth in the low‐beta regime. Here, ωm and γm
denote the frequency and growth rate of the whistler mode with the maximum linear growth rate at each wave normal
angle.
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nh/ntotal (Figures 6e and 6h). It is found that the growth rate of antiparallel wave is always larger than that of
parallel waves, but their ratio nearly remains constant (Figures 6e and 6h).

4. Conclusion and Discussion

In this study, we have comprehensively investigated the properties of whistler waves excited by aniso-
tropic hot electrons with a drift velocity with a linear theoretical model. We find that a finite drift velo-
city parallel to the background magnetic field can significantly modulate the properties of excited
whistler waves but causes different effects on parallel and antiparallel propagating waves. In the
high‐beta regime, the WNA of most unstable whistler mode remains 0, irrespective of the drift velocity.
As the drift velocity increases, the frequency of parallel propagating whistler wave increases, while that
of antiparallel propagating wave is found to decline. As a result, parallel and antiparallel propagating
whistler waves may appear in the upper and lower bands, respectively. However, the growth rate of par-
allel wave is always smaller than that of antiparallel wave and falls below 10−2Ωe for large drift velo-
cities (vd/vth > 1.5), in which case the parallel wave may be too weak to be observed. Generally, the
growth rate of whistler waves in both directions will increase with the increasing anisotropy or propor-
tion of hot electrons. In the low‐beta regime, the trends of the frequency and linear growth rate of
excited whistler waves are quite similar to those in the high‐beta regime. But with the increase of the

Figure 6. The frequency ωd/Ωe (black lines), linear growth rate γd/Ωe (red lines), and wave normal angle θd (blue lines)
of whistler mode as a function of (a–c) vd/vth, (d–f) T⊥h/T∥h, and (g–i) nh/ntotal. Here, θd represents the wave normal
angle of the most unstable whistler mode in both directions.
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drift velocity, the WNA of parallel propagating whistler waves gradually decline until reaching 0, while
that of antiparallel propagating waves continues to increase.

In previous studies, the energy source that drives the excitation of whistler waves in the inner magneto-
sphere is commonly modeled as energetic electrons satisfying the bi‐Maxwellian velocity distribution (An
et al., 2017; Fan et al., 2019; Gary et al., 2011; Liu et al., 2011; Santolik et al., 2010; Yue et al., 2016), and
the frequency‐time spectrogram is expected to be identical in parallel and antiparallel directions.
However, according to our results, the parallel and antiparallel propagating whistler waves will exhibit quite
different properties in the presence of the drift velocity of energetic electrons, such as the frequency, ampli-
tude (or growth rate), and WNA. In the high‐beta regime, the generated whistler waves can show up in dif-
ferent frequency bands (Figures 1 and 3), that is, lower and upper bands, leaving a power gap between them.
This could be another potential mechanism to explain the banded spectrum observed in magnetosphere. In
the low‐beta regime, both quasi‐parallel and oblique whistler waves can be excited at the same time from one
energy source (Figures 4 and 6). Besides, whistler waves are also frequently observed in association with
magnetic reconnections at the magnetopause or magnetotail (Cao et al., 2017; Deng & Matsumoto, 2001;
Huang et al., 2016; Wang et al., 2019; Wei et al., 2007), where the drift velocity of energized electrons is typi-
cally large. Therefore, our study may provide some new insights in understanding various whistler mode
spectra detected in the Earth's magnetosphere. Furthermore, since the generation of whistler mode chorus
waves involves nonlinear wave‐particle interactions (Omura et al., 2009; Omura & Nunn, 2011), the non-
linear effects of whistler wave excitation by anisotropic hot electrons with a drift velocity will be considered
in the future work.

Data Availability Statement

The data used to generate the figures in this paper can be accessed via the following link (http://doi.org/
10.5281/zenodo.3891516), and no simulation or observational data are used.
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